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Abstract
In this paper we discuss 3dN = 2 supersymmetric gauge theories and their IR dualities
when they are compactified on a circle of radius r, and when we take the 2d limit in which
r → 0. The 2d limit depends on how the mass parameters are scaled as r → 0, and
often vacua become infinitely distant in the 2d limit, leading to a direct sum of different
2d theories. For generic mass parameters, when we take the same limit on both sides
of a duality, we obtain 2d dualities (between gauge theories and/or Landau-Ginzburg
theories) that pass all the usual tests. However, when there are non-compact branches
the discussion is subtle because the metric on the moduli space, which is not controlled by
supersymmetry, plays an important role in the low-energy dynamics after compactification.
Generally speaking, for IR dualities of gauge theories, we conjecture that dualities involving
non-compact Higgs branches survive. On the other hand when there is a non-compact
Coulomb branch on at least one side of the duality, the duality fails already when the 3d
theories are compactified on a circle. Using the valid reductions we reproduce many known
2d IR dualities, giving further evidence for their validity, and we also find new 2d dualities.
October 2017
1. Introduction and summary
Often different high energy theories are equivalent at low energies. This universality
has been observed to happen in many examples of supersymmetric gauge theories in various
dimensions. The mechanism responsible for these dualities is still poorly understood in
spite of the plethora of known examples. To try to sieve through the large amount of cases
to extract the essential properties, it is useful to understand what are the minimal sets of
dualities from which all the rest can be derived. A useful guiding principle in the search
for such a minimal set is to start with instances with the largest number of degrees of
freedom, and then derive other examples by getting rid of some of the degrees of freedom.
In this paper we continue our program of assuming the validity of dualities between
d-dimensional quantum field theories with four supercharges and reducing them to lower
dimensions. The goal is to understand the fate of the dualities in this reduction and try
to derive known and new dualities in lower dimensions. In [1] this strategy was applied
to reductions on a circle from four to three dimensions. Indeed, it was possible to derive
all the known (non-mirror) IR equivalences in three dimensions starting from four, and
we also found new dualities. Here we will discuss the next step in the program, namely
further reduction of three dimensional theories on a circle. As we will explain here, two
dimensional conformal theories present us with new challenges which significantly compli-
cate the answers to the posed question. In the rest of the introduction we will detail the
new issues one encounters in two dimensions and in three dimensional theories on a circle,
and briefly summarize our results.
1.1. New issues in two dimensional theories
There are several new issues arising in two dimensions compared to higher dimensions,
which complicate the analysis of the IR behavior of 2d theories and of 3d theories on a
circle.
Supersymmetric theories with four supercharges often have a classical moduli space
of vacua (at least for some value of their parameters), and 2d theories are no exception.
This space can be modified or lifted by quantum corrections. In higher dimensions, there
is a vacuum for each point on the quantum moduli space, which is in a different super-
selection sector from other points. Moreover, the low-energy theory at generic points on
the moduli space is free, while interacting theories arise at low energies only at singular
points on the moduli space. On the other hand, in 2d, because of quantum fluctuations,
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the ground state (and all other states) explore all of the ‘moduli space’ (which is called
a target space). Furthermore, the metric is classically marginal in 2d (unlike in higher
dimensions, where it is always irrelevant), and generally acquires a beta function quantum
mechanically, meaning that it cannot be ignored in an analysis of the IR behavior. Thus,
in 2d, knowledge of the full target space, and in particular of the metric on this target
space, is required for understanding the IR behavior. This is particularly significant when
the target space is non-compact, or when there is a runaway behavior such that the only
supersymmetric configurations are infinitely far away. In such cases there is generally no
normalizable ground state, but there can be a continuum of states going down to zero
energy (depending on the Ka¨hler potential at infinity). Such a continuum can contribute
to supersymmetric indices in ways that differ from discrete vacua; for instance it can lead
to fractional contributions to the Witten index [2].
An interesting possibility that can occur in two dimensions and not in higher di-
mensions is that a given high-energy supersymmetric theory can flow to more than one
superconformal theory (SCFT) at low energies (namely, it flows to a direct sum of decou-
pled superconformal theories, in which the Hilbert space is the sum of the two Hilbert
spaces and not their product) [3,4,5]. Note that this is stronger than the decoupling be-
tween different points (‘vacua’) on a connected moduli space in higher dimensions, where
one can construct large regions of one vacuum inside the other at arbitrarily low energies.
In general the decoupled SCFTs may have different central charges. When they arise from
different regions in the classical moduli space, there are often non-compact semi-infinite
‘throats’ in the target spaces of each of the disconnected SCFTs, located where the target
spaces were classically connected.
1.2. New issues in three dimensional theories on a circle
When we compactify a 3dN = 2 supersymmetric (SUSY) theory on a circle of radius r
and go to low energies compared to 1/r, we can describe the theory by a two dimensional
effective action, involving the two dimensional light fields. Many of the characteristic
features of two dimensional field theories discussed above then become important when
describing the system.
The theory on a circle can have various dimensionless parameters, such as g2r for
3d gauge couplings g, or mr and ζr for 3d masses m and Fayet-Iliopoulos (FI) terms ζ.
Naively one expects that the low-energy theory should be independent of r, and thus of
these dimensionless parameters. In reductions from 4d to 3d this is essentially true, and
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in many cases one obtains at low energies (or as r → 0) the IR limit of the 3d theory that
one obtains by dimensionally reducing the 4d theory. For instance, in a 4d gauge theory
one can take r → 0 keeping the 3d gauge coupling fixed; generally 3d theories do not have
any symmetry-preserving marginal deformations, so any other way of taking r → 0 must
give the same answer. However, one has to be aware of the following fact. When reducing
a 4d gauge field to 3d one generates two new scalar fields, from the holonomy of the gauge
field and from the dual of the 3d gauge field. So the moduli spaces of 3d theories are larger
than those of their 3d parents (classically, and often also quantum mechanically), and even
if one starts from a specific point on the 4d moduli space, one has to specify precisely
which point one is analyzing on the 3d moduli space; the low-energy effective theory can
be different at different points.
When going down from 3d to 2d, naively the situation is simpler since no new scalar
degrees of freedom arise. However, the situation is actually more complicated. One reason
is that the Ka¨hler potential cannot be ignored, and it often leads to 2d marginal deforma-
tions, implying that different ways of taking r → 0 can lead to different CFTs, differing by
marginal deformations. As a simple example consider a free 3d vector multiplet with cou-
pling constant e on a circle. In 3d one can dualize the vector field to a compact free scalar
field. Upon reduction on a circle, this scalar field remains compact, and it is the T-dual
of the scalar field coming from the holonomy of the gauge field on a circle. Canonically
normalizing this scalar field (and ignoring numerical constants), the radius of its target
space is
√
e2r (or, equivalently, 1/
√
e2r). Thus, already in this free case, the low-energy
theories that one gets for different dimensionless parameters e2r are not the same. There is
a specific r → 0 limit where one keeps fixed the 2d gauge coupling e2/r, and this limit has
the same low-energy limit as that of the corresponding 2d gauge theory, but other r → 0
limits give different results. Similar statements apply to more general gauge theories, and,
in addition, the parameters rm and rζ can lead to marginal twisted chiral deformations in
the 2d description.
Thus, when we take an r → 0 limit, it is important to specify precisely how all the
parameters – masses, FI terms and gauge couplings – scale as a function of r. Different
scalings can give different theories; these can then have marginal parameters arising from
further changes in the parameters (that do not change their scaling with r). For gauge
theories, one natural ‘scaling limit’ is the one related to a 2d gauge theory. In this limit
it is natural to keep masses of charged fields fixed as r → 0, and to scale 3d FI terms as
1/r (with possible additional logarithmic dependence on r due to the running of the 2d
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FI term). However, other limits are also interesting. In particular, 3d mirror symmetry
exchanges masses with FI terms, so a natural limit for some 3d gauge theory maps to an
‘unnatural’ limit for its mirror theory.
In addition, regions of the moduli space which are separated by distances of order 1/r
can become separated and decouple in the IR as r → 0 (in addition to the issue mentioned
above, where single 2d gauge theories lead at low energies to decoupled branches). So we
often get a direct sum of several 2d theories arising from the reduction of a single 3d theory.
In particular, note that the scalar field coming from the holonomy of a 3d gauge field has
periodicity proportional to 1/r (when normalized in the same way as 2d vector multiplets),
so this distance scale naturally appears in the reduction of gauge theories. This decoupling
can be seen even in the mass-deformed version of the theory; there one finds various sets
of discrete vacua, where the difference of the (twisted) superpotential between different
sets diverges as r → 0, implying that the BPS solitons interpolating between these vacua
become infinitely massive, and they decouple.
It is interesting to ask whether the 2d low-energy theories that we get as r → 0 can
also be described as low-energy limits of well-defined 2d theories, which we can call their
‘UV completions’. For the ‘natural scaling limit’ described above one expects such a UV
completion to be given by the corresponding 2d gauge theory. However, when there are
marginal Ka¨hler deformations, one has to check whether the Ka¨hler potential arising from
the 2d UV completion is the same as that of the 3d theory on a circle. In particular,
this may be true for some specific scaling of e2 with r, but not for other scalings. In
other scaling limits the 2d gauge theory does not provide a UV completion, but we will
see that there are often other UV completions, that can be Landau-Ginzburg (LG) type
theories of twisted chiral superfields with some twisted superpotential. A useful method for
building such UV completions is to study properties of the theory which are protected by
supersymmetry, such as the (twisted) chiral ring and supersymmetric partition functions.
Often one is able to construct a 2d theory with the same protected data as the 3d theory
on a circle, which gives an indication they have the same low energy description. However,
this only gives partial evidence; for example, as mentioned above, one may also need to
match the Ka¨hler potentials between the 2d UV completion and the 3d theory on a circle.
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1.3. New issues in reduction of dualities
In [1] it was found that the reduction of a 4d low-energy duality on a circle is subtle,
and while it can be related to 3d dualities, their form is often not the same as that of the
4d duality. One reason for this was mentioned above – the 3d moduli space is larger than
the 4d moduli space, so one has to be careful about how to map different points on the 3d
moduli space across the duality. Another issue is that the r → 0 limit does not commute
with the low-energy limit in 4d, in which the two theories are equivalent. Dualities between
asymptotically free 4d gauge theories are valid below their dynamical scales Λ, Λ˜. However,
if one attempts to take r → 0 while staying below both of these scales, one finds that one
cannot keep both 3d gauge couplings fixed, so one does not obtain the IR limit of the
corresponding 3d gauge theories. As discussed in [1], in order to preserve the duality one
must then add additional terms to the action on both sides.
As mentioned above, when reducing 3d dualities to 2d, the dimension of the moduli
space does not increase, though we still need to worry about precisely where in the moduli
space we end up as r → 0. However, the second issue becomes much worse. When two
3d gauge theories with gauge couplings e2, e˜2 are dual, this typically means that their
low-energy behavior at the origin of the 3d moduli space is the same. Far out on the
moduli space, the metric on the moduli space is usually different – for instance, scalar
fields coming from dual photons generally have a periodicity proportional to e – but the
low-energy flat space field theory in such regions is free, so this has no effect on the low-
energy equivalence of dual theories. However, upon reduction on a circle, the metric on the
moduli space becomes a classically marginal deformation, and the theory explores all parts
of the moduli space, so the fact that the metrics far on the moduli space differ becomes
important. Generally, when there are non-compact target spaces (or runaways), this effect
destroys the low-energy equivalence of dual theories for any radius r. Indeed, we saw above
that even theories of a free 3d vector multiplet with different gauge couplings on a circle
are not equivalent at low energies, let alone any duals that they may have.
For generic values of the parameters the vacua are discrete and this problem does not
arise. Since we know the mapping between the 3d parameters across dualities, we can
match their discrete vacua for any radius, and even as r → 0, if we perform the same
scaling of the parameters on both sides. Generally the low-energy theories at such discrete
vacua are trivial, but we can sometimes tune parameters so that they become non-trivial
SCFTs like LG models. But problems arise when we take limits in which the vacua become
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continuous, since then we have to make sure that we obtain the same Ka¨hler potential on
both sides of a duality. In particular, even when we can provide a 2d completion for both
sides of a duality between 3d theories on a circle, it is not always the case that the two
2d completions lead to the same Ka¨hler potential at low energies, and, when they do not,
we will not obtain a 2d duality between these completions. Note that, as discussed in [6],
even when the classical Ka¨hler potentials are different on two sides of the duality, and
even when they differ asymptotically, their renormalization group flows may still lead to
the same Ka¨hler potential at low energies (at any finite position on the target space).
1.4. Outline of the paper and summary of the results
Let us now outline the structure of the paper and detail briefly the new results. We
start the discussion in Section 2 by addressing in detail general properties of reductions
of three dimensional theories on a circle in the relatively simpler case where the moduli
spaces are lifted to discrete vacua by mass deformations. In particular, we stress the
existence of different scaling limits of parameters when the radius of the circle is shrunk.
In this section we also introduce the technology of computing the twisted superpotential
for theories on a circle, which is our main quantitative tool. We discuss here several
examples of reductions of theories on a circle, and claim that typically such reductions
should be thought of as giving rise to a direct sum of theories, possibly with different
central charges, in two dimensions. In Section 3 we discuss the fate of three dimensional
dualities with discrete vacua (no non-compact branches) when these are considered on a
circle. In particular we derive several known dualities in two dimensions starting from three
dimensions, as well as one instance of a new duality, between SU(Nc) gauge theories that
have both fundamental and anti-fundamental flavors. In Section 4 we discuss dualities with
a continuous spectrum (e.g. with non-compact branches), and new issues that arise there.
Some appendices complement the text with background material, details of computations,
and additional examples of the statements presented in the bulk.
The main results of the paper include derivations of known and new dualities in two
dimensions starting from 3d. There are also many questions for which we do not provide
conclusive verdicts. When the moduli space is compact so that the spectrum is discrete,
one can derive a consistent set of arguments in favor of 2d dualities arising from the com-
pactification. When there is a non-compact Higgs branch, we provide considerable evidence
that 2d dualities still arise, but it is not conclusive. On the other hand, when at least one
side of the duality has a non-compact Coulomb branch, the 3d duality does not reduce to a
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2d duality in general, even though some protected objects do still match, suggesting that it
may be possible to fix the reduction in some way. We discuss various examples, including
cases where both non-compact Higgs and non-compact Coulomb branches exist. At the
technical level we discuss how the subtlety in the reductions can be traced into issues with
commuting the limit of performing the computation of partition functions, which involves
integrals and infinite sums, and the limit of taking the radius to zero.1
It would be interesting to understand these issues better, and to study many additional
examples. It would also be interesting to generalize our results to theories with larger or
smaller amounts of supersymmetry.
2. Massive 3d N = 2 theories on a circle
In this section we discuss the properties of 3d N = 2 theories upon reduction on a
circle, in the case where any continuous moduli space is lifted by real mass parameters.
The presence of a continuous moduli space leads to additional complications which we
discuss in Section 4. Already in the case where the moduli space is lifted there are various
subtleties in the reduction, both in the case of a single theory, considered in the present
section, and for a pair of dual theories, which we discuss in the following section.
Our main tool for describing the reduction of the mass-deformed theory will be the
effective twisted superpotential of the theory compactified on a circle of radius r, which we
introduce next. Related observables are the supersymmetric partition functions on Σg×S1,
including the supersymmetric index (the S2 × S1 partition function). These observables,
which we will describe in more detail below, turn out to be sensitive only to the information
contained in the mass-deformed theory, and we will need more refined observables to probe
the theories with continuous moduli spaces.
2.1. Effective twisted superpotential for a 3d theory on a circle
As reviewed in Appendix A, the twisted superpotential of a 2d N = (2, 2) theory
depends only on the twisted chiral multipets in the theory, and is protected under renor-
malization group flow. Given a 3d N = 2 gauge theory, we may study the effective twisted
superpotential of the compactified theory on R2 × S1r, which can be thought of as a 2d
N = (2, 2) theory with an infinite number of fields. This provides information about the
1 For a related recent discussion see [7].
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vacua of the theory in flat space, and is closely related to certain supersymmetric partition
functions on compact manifolds [8,9,10,11,12,13].2 In the present context, we will use it to
understand the reduction of 3d N = 2 theories on S1r by studying the limit of this function
as r → 0. A similar approach was taken in [18], and we recover some of their results below.
Given a 3d N = 2 gauge theory compactified on S1r, we may compute the effective
twisted superpotential by summing over the contributions from the massive fields in the
Kaluza-Klein (KK) towers. As discussed in Appendix A, this is a function of twisted chiral
field strength multiplets for the gauge and flavor symmetries, G and H, which we denote
by Σi, i = 1, ..., rG, and ma, a = 1, ..., rH, respectively, where we work in some basis of
the Cartan subalgebras of the respective groups. The former multiplets are dynamical,
and the latter may be viewed as fixed background fields. The bottom component of these
twisted chiral multiplets is a complex scalar field which is built out of the 3d fields as:
Σi = σ
R
i + iA3i, ma = m
R
a + iA
BG
3 a (2.1)
where σRi is the real scalar in 3d, A3i is the component of the gauge field along S
1, and
similarly for the background parameters, mRa is a 3d ‘real mass’ parameter and A
BG
a the
background gauge field coupling to the corresponding flavor symmetry. These fields are
periodically identified due to large gauge transformations around the S1:
Σi ∼ Σi + i
r
, ma ∼ ma + i
r
. (2.2)
We will interchangeably use these variables to refer to either the twisted chiral multiplet
or its bottom scalar component. It is also sometimes useful to work in terms of the gauge-
invariant (up to Weyl transformations) fields xi ≡ e2πrΣi and the parameters νa ≡ e2πrma .
For a general 3d N = 2 gauge theory on a circle, the twisted superpotential is given
by:
W(Σi, ma) =
∑
α
W(3d)χ (QiαΣi + Saαma)
+ πr
∑
i,j
kijGG(ΣiΣj + δi,j
i
r
Σi) + πr
∑
a,b
kabFF (mamb + δa,b
i
r
ma) + 2πr
∑
a,i
kaiFGmaΣi .
(2.3)
2 The twisted superpotential has also played an important role in understanding the algebra
of loop operators in 3d [14,15,10], and in the context of the 3d− 3d correspondence [16,13,17].
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Here the first term is the contribution of the chiral multiplets, where the α’th chiral has
gauge charges Qiα and flavor charges S
a
α, andW(3d)χ is the contribution of a single 3d chiral
multiplet. This can be computed by summing the contributions from the KK modes:
W(3d)χ (Σ) =
∑
n∈Z
W (2d)χ
(
Σ +
in
r
)
=
1
2πr
Li2(e
−2πrΣ) , (2.4)
where W
(2d)
χ (Σ) = Σ(log(Σ/µ)−1), as discussed in Appendix A. When performing this in-
finite sum, one must regularize it in a way which sacrifices either parity or gauge-invariance;
we have chosen to preserve the latter, and in our convention the chiral multiplet contribu-
tion (2.4) includes an effective “level −12 Chern-Simons term” for the gauge field coupled
to it, which breaks parity.3 The remaining terms in (2.3) are the contributions of the bare
Chern-Simons (CS) terms, with levels kijGG, k
ab
FF , k
ai
FG for the gauge-gauge, flavor-flavor,
and gauge-flavor CS terms, respectively. With our convention for the normalization of the
twisted chiral multiplets, these levels must all be integers.
The effective twisted superpotential determines the supersymmetric vacua of the the-
ory via the equations:
1 = exp
(
∂W
∂Σi
)
, i = 1, · · · , rG . (2.5)
Using:
dW(3d)χ (Σ)
dΣ
= log(1− e−2πrΣ) , (2.6)
one finds that the right-hand side of (2.5) is a rational function of xi = e
2πrΣi and
νa = e
2πrma . Thus the vacua are determined by solving a system of polynomial equa-
tions. In the non-Abelian case, we discard any solutions which are not acted on freely by
the Weyl symmetry, as these naive vacua, which have enhanced gauge symmetry, break
supersymmetry [19,6] (the effective action (2.3) is not valid there).
In the following, we will study the reduction of 3d theories by considering the r → 0
limit of the effective twisted superpotential. To take a simple example, consider a free
chiral multiplet, which we may couple to a background gauge field with charge 1, giving it
an effective real mass, m. This has the effective twisted superpotential W(3d)χ (m) in (2.4).
If we take the r → 0 limit while holding m fixed we find (up to a constant):
3 This name is a short-hand notation for regularizing the theory with the chiral multiplet in
a way that leads to pure Chern-Simons theories with levels 0 or (−1) upon giving a mass to the
chiral multiplet.
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W(3d)χ (m)→W(2d)χ (m) +m log(2πrµ) as r → 0. (2.7)
This reflects the fact that as we take r → 0, the non-zero KK modes become very massive,
and can be integrated out, leaving only the zeroth KK mode, which represents a 2d chiral
multiplet of mass m. The non-zero KK modes generate a divergent linear term in the ef-
fective twisted superpotential, which can be interpreted as a shift of the effective (running)
FI parameter for this background U(1) symmetry.
2.2. General features of the reduction
Let us now describe some general features of the reduction of massive 3d N = 2
theories. We start with a UV description of a 3d N = 2 gauge theory. This typically
has several relevant parameters, which can be classified into gauge couplings, g2i , real mass
parameters, ma, including FI terms for U(1) factors of the gauge group, and superpotential
deformations, such as complex masses. When we consider the system on a finite circle, S1r,
it is natural to form the dimensionless combinations:
γi = g
2
i r, µa = mar . (2.8)
At low energies compared to r−1, the system is effectively two dimensional, and the
2d physics we obtain will depend on these parameters. It is also typically strongly coupled,
which complicates the analysis of this dependence. To make progress it will be important
to study properties of these models which are protected by supersymmetry. In theories
with extended supersymmetry (N ≥ 3), the metric on the moduli space is not renormal-
ized, which allows us to deduce many aspects of the low energy behavior using the UV
description. For N = 2 theories, however, this metric is generically renormalized, and
depends on the γi, which appear in the D-terms of the action and so are not protected.
We will return to these issues in Section 4.
For now, we will consider the theory at generic, non-zero values of the mass parameters,
in which case the moduli space is lifted, and the γi are not relevant for describing the low
energy theory. As we have seen above, the parameters µa arising from the real masses
live in protected short “twisted chiral” multiplets in 2d, and control the twisted chiral ring
of the theory. We may study the protected data in the theory using the effective twisted
superpotential, introduced above. This will allow us to deduce many features of the 2d
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low energy theory coming from the 3d theory on a circle, and, in many cases, to guess a
2d UV description which flows to the same low energy theory.
Given a 3d Lagrangian, there are in general many distinct 2d theories one may obtain,
depending on how one scales the mass parameters with r. Let us write, schematically:
ma = ma(ta, r) (2.9)
where ta is a finite parameter that controls the specific scaling with r, which will become a
twisted chiral parameter in the 2d low energy description. Typical examples are ma = ta
or ma = ta/r. Then we may consider the effective twisted superpotential as a function of
r,
W3d(Σi, ma; r) =W3d(Σi, ma(ta, r); r). (2.10)
As we take the limit where r becomes small, different supersymmetric vacua ofW3d(r)
can scale in different ways as a function of r. In this section we assume that (for any value
of r) these vacua are isolated and gapped. In each of these vacua we can (for an appropriate
choice of (2.9)) obtain a finite effective twisted superpotential near that vacuum as r → 0,
after some redefinition of the gauge variables Σi,
Σi = Σi(Xi, r), (2.11)
where the Xi will become dynamical twisted chiral fields in 2d. Then we find:
W3d(Σi(Xi, r), ma(ta, r); r) −→r→0 W2d(Xi, ta) + · · · (2.12)
where the dots denote subleading terms, and/or divergent terms depending only on back-
ground fields, which can be removed by the addition of appropriate counterterms. In
general the redefinition (2.11) will be different for different vacua when they become in-
finitely separated as r → 0; the flow from 3d then leads to a direct sum of different theories,
one for each set of separated vacua. For instance, some vacua may be at finite values of Σ,
and others at values scaling as 1/r, while additional vacua may have some Σi’s remaining
fixed and others scaling as 1/r, requiring different redefinitions for different Σi’s.
We assume here that the Ka¨hler potential remains finite as r → 0 in the 2d variables
used in (2.12); in some cases this will be true for the standard UV Ka¨hler potential of the
3d gauge theory, while in other cases we may need to also rescale the UV Ka¨hler potential
for this. In some cases the mass gap around some vacuum may not be small compared to
the KK scale 1/r, and then there is no 2d description.
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In many cases one may interpret W2d(Xi, ta) as the effective twisted superpotential
of some known 2d theory. In some cases one finds thatW2d is simply quadratic, leading to
an uninteresting massive theory, while in other cases W2d is the twisted superpotential of
a 2d gauge theory or interacting Landau-Ginzburg model, and our r → 0 effective theory
(when we choose a non-singular Ka¨hler potential for it) will be equivalent to the IR limit
of that theory. If we start from a 3d gauge theory there is always a limit of the parameters
in which we keep the 2d gauge coupling g2i /r and the 2d gauge theory parameters fixed
(up to possible logarithmic runnings), and if there is a corresponding vacuum that remains
at a finite position in the 2d gauge theory variables Σi as r → 0, then this limit gives a 2d
gauge theory. In general we may obtain a direct sum of this with other theories.
2.3. Abelian examples
Having described the general properties of the reduction of massive theories, we now
turn to discuss several examples which illustrate these features concretely. We begin with
3d N = 2 gauge theories with Abelian gauge groups.
a. U(1)−1/2 with one charged chiral superfield
First we consider the 3d U(1) theory with a single charged chiral multiplet.4 In order
to preserve gauge invariance we must include an appropriate “half-integer-level Chern-
Simons term,” and we choose k = −12 . The theory has one real mass parameter, the
Fayet-Iliopolous (FI) parameter ζ. When ζ vanishes the moduli space is a semi-infinite cigar
labeled by the monopole operator V+, while otherwise there is a unique vacuum (the Witten
index is 1). The moduli space is smooth such that at any point the low-energy theory is
dual to a single free chiral superfield; we will discuss the consequences of this duality in
the next section. When this theory is compactified on a circle, we can parameterize the
moduli space by the twisted chiral superfield Σ instead of the chiral superfield V+; the two
descriptions are related asymptotically by T-duality along the compact direction of the
cigar.
4 The reduction of this theory using the twisted superpotential was first studied in [18]; here
we review it to illustrate some features of the more general case.
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We will consider this theory at a non-zero value of the FI parameter ζ, in which case
this moduli space is lifted. The effective twisted superpotential of this theory is then
W =W(3d)χ (Σ) + 2πrζΣ ⇒
∂W
∂Σ
= log(1− e−2πrΣ) + 2πrζ . (2.13)
The vacuum equation leads to a single vacuum:
exp
(
∂W
∂Σ
)
= (1− e−2πrΣ)e2πrζ = 1 ⇒ Σ = − 1
2πr
log(1− e−2πrζ) . (2.14)
There are multiple 2d limits that one can consider. First, we can keep ζ fixed as
r → 0. Then from (2.14), one finds that Σ goes to infinity as Σ ∼ − log(2πrζ)/2πr. Thus
in this limit it is natural to define a new variable X ≡ 2πrΣ + log(2πrµ) that remains
finite as r → 0. In terms of this, we obtain in this 2d limit the effective superpotential
W = ζX + µe−X − ζ log(2πrµ) +O(r) . (2.15)
Here the third term is a divergent function of the background fields, related to the running
FI term, which is generated by integrating out massive KK modes, and can be removed by
an appropriate counterterm. For generic ζ this model has a single discrete vacuum, and
at ζ = 0 we find the superpotential of the Liouville theory.
We can also discuss another limit, in which ζ diverges and we keep fixed the effective
2d FI term, t = 2πrζ + log(2πrµ), fixed. This limit gives the 2d U(1) theory with a
single charged chiral multiplet, which has a single massive vacuum. In this limit the
supersymmetric vacuum remains finite as r → 0, and in particular rΣ ≪ 1, so that there
is some range of energies where we have the 2d running of the FI term, and we then find
a finite 2d limit for the twisted superpotential:
W =W(2d)χ (Σ) + tΣ+O(r) , (2.16)
which agrees with the effective twisted superpotential of the 2d U(1) theory. This has a
vacuum at Σ = µe−t. Since the cutoff µ is of order 1/r, this is a good description for large
t.
b. U(1) with one flavor
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Next consider a 3d U(1) theory with a single flavor, i.e., a pair of chiral multiplets of
charges ±1. This theory has a U(1)A × U(1)J flavor symmetry, where U(1)A acts on the
chirals with the same charge. Correspondingly, there are two real mass parameters, the
axial mass, m, and the FI parameter, ζ.
For the theory on a circle, we can again compute the effective superpotential,5
W =W(3d)χ (Σ +m) +W(3d)χ (−Σ +m) + πrΣ(Σ+
i
r
) + 2πrζΣ. (2.17)
We may write the vacuum equation conveniently in terms of the exponential variable
x = e2πrΣ, and the parameters ν = e2πrm and z = e2πrζ , as:
1 = exp
(
∂W
∂Σ
)
= z
xν − 1
x− ν . (2.18)
This has a single solution at:
Σ =
1
2πr
log(x) =
1
2πr
log
(
z − ν
zν − 1
)
. (2.19)
We can discuss several possible 2d limits. First, suppose we keep m fixed and scale
ζ ∝ 1/r. This is naturally related to the 2d SQED theory with a finite FI parameter
t = 2πrζ + πi, a finite mass m, and with a finite value for Σ (that goes to infinity as
t→ πi)6. Indeed, one finds that the twisted superpotential (2.17) behaves as:
W →W(2d)χ (Σ +m) +W(2d)χ (−Σ +m) + tΣ+ 2m log(2πrµ), (2.20)
agreeing with that of the 2d gauge theory, up to a counterterm.
Next note that if we redefine Σ→ Σ−m in (2.17), we obtain:
∂W
∂Σ
= 2πr(ζ −m) + log(1− e2πrΣ)− log(1− e2πr(Σ−2m)) . (2.21)
If we now take ζ,m→∞ while keeping their difference, ζ−m, finite, we see the third term
is negligible, and the first two have the same form as (2.13). Thus we find the Liouville
5 Here we add a bare Chern-Simons term at level 1 to cancel the implicit “level − 1
2
CS terms”
coming from the two chiral multiplets in our convention.
6 That is, this vacuum goes to infinity when the real FI parameter, rˆ, is set to zero and the
theta angle, θ, is set to pi, so that t = rˆ + iθ is as above. In the massless theory, this corresponds
to the choice of parameters where a Coulomb branch appears.
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theory at low energies, with ζ −m now playing the role of the mass term. In this limit we
are preserving one half of the Coulomb branch, and the Liouville theory we find is dual
to the cigar theory describing this branch. Similarly, we may keep ζ +m finite to find a
Liouville theory describing the other half of the Coulomb branch.
Finally, if we keep both ζ and m finite as r → 0, then the vacuum goes to infinity as
1/r. We can then define a new variable X = 2πrΣ, and obtain for this variable a finite
effective twisted superpotential (up to counterterms)
W = ζX + 2m log
(
2 sinh(
X
2
)
)
+ · · · (2.22)
This has Liouville like behavior at X → ±∞ just as above, controlled by ζ+m and ζ−m.
As m becomes small we have a vacuum at X ∝ m/ζ, connecting to where the Higgs branch
used to be. This is also the low-energy behavior of the 3d theory on a circle of finite radius
r.
We can conjecture that the same low-energy theory may arise from a 2d Landau-
Ginzburg theory with the superpotential (2.22). The protected information of this theory
is the same as that of the 3d theory on a circle, but it is not clear if the Ka¨hler potential is
the same, for some scaling of g2 as r → 0, and for some choice of the UV Ka¨hler potential
for X . We will return to the fate of the moduli space in Section 4.
c. U(1)k with Nf flavors
Next let us consider a more general U(1) theory, with Nf flavors and a Chern-Simons
term at level k. In this example we encounter for the first time a common feature of the
reduction of 3d theories, mentioned above, which is that the resulting 2d description is
described by a direct sum of decoupled sectors.
We start by writing the effective twisted superpotential:
W =
Nf∑
a=1
(
W(3d)χ (Σ +ma) +W(3d)χ (−Σ+ m˜a)
)
+ 2πrζΣ+ πr(k +Nf )Σ(Σ +
i
r
) . (2.23)
We may write the vacuum equation, exp
(
∂W
∂Σ
)
= 1, in terms of exponential variables as
above, giving a polynomial equation:
z(−x)k
Nf∏
a=1
(ν−1a − x) =
Nf∏
a=1
(1− xν˜−1a ) . (2.24)
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This has Nf + k solutions, and so the theory has Nf + k vacua. Let us analyze the fate of
these vacua as we take various 2d limits.
First we take the limit which gives the 2d gauge theory, holding t = 2πrζ+πi(k+Nf )
and the masses fixed as r → 0. If we focus on the region with rΣ ≪ 1, then the Chern-
Simons contribution to W of order rΣ2 is suppressed. By a similar argument to the one
leading to (2.20), we find the twisted superpotential of a 2d U(1) theory with Nf chiral
multiplets:
W →r→0,rΣ≪1
Nf∑
a=1
(W(2d)χ (Σ +ma) +W(2d)χ (−Σ+ m˜a))+ tΣ+ ... (2.25)
up to counterterms depending on the background fields. Thus we expect the theory in this
region of field space to be described at low energies by this 2d U(1) theory with Nf flavors.
One can check that this 2d gauge theory has Nf vacua for a generic FI parameter.
Thus we have accounted for Nf of the vacua of the 3d theory, but there are still k missing,
which lie outside of the region rΣ ≪ 1 we restricted to above. To find these, let us take
X = 2πrΣ and look for solutions at finite X . The effective twisted superpotential for X
can be expanded for small r as:
W = 1
2πr
(
1
2
kX2 + (t+ πiNf )X
)
+O(1). (2.26)
Then one finds that the k additional vacua lie at:
Xn = − tn
k
+O(r), tn = t+ 2πi(n+
Nf
2
), n = 1, · · · , k , (2.27)
where we may restrict to n = 1, · · · , k because X ∼ X + 2πi. The fluctuations around
each vacuum are described by a single massive twisted chiral multiplet, up to a constant
term in the superpotential W = −t2n/4πkr + O(1), depending only on the background
parameters. Note that the vacua (2.27) are all separated by distances of order 1r in Σ space.
This suggests that the different vacua decouple into separate theories at low energies, but
this argument depends on the precise Ka¨hler potential. A more precise way to see this
decoupling is to note that the values of the twisted superpotential in distinct vacua differ
by a factor which diverges as r → 0. This implies that solitons which connect the different
vacua become infinitely massive as r → 0, such that these vacua are completely decoupled
in the 2d limit. To summarize, we find, in this limit, that the theory is described at low
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energies by a direct sum of a 2d U(1) theory with Nf flavors, and k copies of the theory
of a massive twisted chiral multiplet.
We can also consider a limit where we hold the masses finite as r → 0 and take ζ close
to − ik
2r
. This corresponds to taking t→ πiNf in the 2d gauge theory, which is the choice
that leaves an unlifted Coulomb branch in 2d. Then one finds that only (Nf − 1) of the
small solutions (rΣ≪ 1) remain at finite Σ, while one runs off to infinity. In addition, out
of the k large solutions (2.27), (k − 1) stay large while one gets small. What are the fates
of these two runaway vacua, the small solution that is getting large, and the large solution
that is getting small?
In order to study these it is convenient to define a different scaling of the chiral
superfield,
Σ = (2πrµ)−1/2Y . (2.28)
Then one finds for this variable as r → 0 the LG model:
W = k
2µ
Y 2 +mA log(
Y
µ
) , (2.29)
where mA =
∑Nf
a=1(ma+ m˜a). This has two vacua, and we claim it describes the two run-
away vacua from above. Note that ζ does not appear here. We can regain the dependence
on ζ by modifying its r → 0 scaling to include a subleading term:
ζ = − ik
2r
+ (2πrµ)−1/2Z. (2.30)
Here t = 2πrζ+πi(k+Nf ) is still going to πiNf , so the behavior of the gauge theory and
of the massive vacua is unaffected, but the LG model is modified to:
W = k
2µ
Y 2 +
ZY
µ
+mA log(
Y
µ
) , (2.31)
with explicit dependence on the FI parameter. To summarize, in this scaling (2.30) of the
parameters (Nf − 1) of the vacua stay finite as r → 0, (k − 1) scale as Σ ∝ 1/r, and two
scale as Σ ∝ 1/√r. As r → 0 we get a direct sum of the 2d gauge theory, with (k − 1)
massive vacua, and with the LG model in (2.31).
d. Coulomb and Higgs limits
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Now we take the lessons we learned from the examples above and apply them to a
general Abelian gauge theory. Consider a theory with gauge group U(1)N , and M chiral
multiplets of charges Qa,i, a = 1, · · · ,M , i = 1, · · · , N , and a matrix of CS levels kij .
There is a real mass parameter ma for each chiral multiplet and an FI parameter ζi for
each gauge factor. Of these N+M parameters, N can be absorbed into shifts of the gauge
scalars Σi, so only M are physical, but it will be convenient to keep this redundancy in
the description.
First, we have seen above that if we keep the real mass parameters finite, and appro-
priately scale the FI parameter(s), we may obtain a 2d U(1) gauge theory. In general, we
define the “Higgs limit” as follows:
ma finite, ζi =
1
2πr
(ti − log(2πrµ)
∑
a
Qa,i) , (2.32)
with ti fixed as r → 0. Then by an argument similar to the ones in examples above,
in the region rΣ ≪ 1 the twisted superpotential is well approximated by that of the 2d
U(1)N gauge theory with the same charges Qa,i, twisted masses ma, and FI parameters
ti.
7 In addition, there will typically be other vacua beyond those accounted for here, and
the 2d description will be as a direct sum of this 2d gauge theory and contributions from
these other vacua.8 We call this the Higgs limit because when we take the real masses to
vanish and the FI terms non-zero in 3d, we find that the Higgs branch is preserved while
the Coulomb branch is lifted, and indeed the 2d U(1)N theory that we obtain has, in the
massless limit, the same Higgs branch as the 3d theory.
Next we define the “Coulomb limit.” By analogy to the previous case, this will
correspond to a limit of real mass parameters which preserves a 3d Coulomb branch.
Recall that a continuous 3d Coulomb branch may arise in flat space when there exists
some choice of ǫa ∈ {±1}, a = 1, · · · ,M , such that the following conditions are satisfied
[20]: 9
ǫa(Qa,iσ
R
i +m
R
a ) > 0 , (2.33)
7 More precisely, the definition of ti used here may differ from the natural definition in 2d by
a finite shift due to a contribution from the Chern-Simons terms.
8 These other vacua may be massive, described by non-trivial LG models, or may be described
by gauge theories of lower rank. We will see explicit examples of the latter in the next subsection.
9 Here σR and mR are the 3d real scalar and real mass, respectively, which we distinguish from
their complexifications, Σ and m, which arise when we compactify the theory on a circle.
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kij =
1
2
M∑
a=1
ǫaQa,iQa,j , (2.34)
ζi =
1
2
M∑
a=1
ǫaQa,im
R
a . (2.35)
The first condition defines a (possibly non-compact) polyhedral region in the N -
dimensional σR-plane, and the Coulomb branch is a TN fibration over this region, where
circles in the fibration degenerate along the boundaries. The second and third conditions
impose that the effective CS and FI terms are zero in this region.
When the second condition is satisfied, it is possible to rewrite the effective twisted
superpotential for the theory on a circle as:
∂W
∂Σi
=
M∑
a=1
Qa,i log(1− e2πrǫa(
∑
j Qa,jΣj+ma)) + 2πrρi , (2.36)
where we have defined:
ρi = ζi − 1
2
M∑
a=1
ǫaQa,ima +
i
2r
∑
a|ǫa=1
Qa,i . (2.37)
Then we claim that the limit of the parameters which preserves the Coulomb branch is10:
ma =
1
2πr
(sa + ǫa log(2πrµ)), ρi = finite, as r → 0 . (2.38)
Then one can expand the effective twisted superpotential to leading order in r to find,
defining Xi = 2πrΣi:
∂W
∂Σi
= 2πr
(
−
M∑
a=1
µQa,ie
ǫa(
∑
j
Qa,jXj+sa) + ρi
)
+ · · · . (2.39)
But this means ∂W∂Xi =
1
2πr
∂W
∂Σi
is finite as r → 0, and integrating it we find:
W(Xi) = −
M∑
a=1
ǫaµe
ǫa(
∑
j Qa,jXj+sa) + ρiXi + · · · . (2.40)
This is the twisted superpotential of a Liouville theory, so we expect this theory to give a
good description of this region of the field space. As usual, there may also be other vacua in
10 Recall that 3d mirror symmetry [21] exchanges Higgs and Coulomb branches, and exchanges
ma with ζi, so this can be viewed as the mirror of the “Higgs limit”.
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distant regions of field space, which appear in a direct sum with this theory in the complete
2d description. We emphasize that for a given theory, there may be many inequivalent
r → 0 Coulomb limits covering different regions of the 3d moduli space, leading to different
Liouville theories.
In addition to the Higgs and Coulomb limits, which exist for general Abelian gauge
theories, there may be other limits which exist in special cases, such as the limits leading
to the LG models in (2.22) and (2.31).
2.4. Non-Abelian examples
In this section we consider the reduction of some non-Abelian gauge theories with
matter, to illustrate some new features that arise here.
a. U(Nc) with Nf flavors and CS level k
Consider a U(Nc) gauge theory with Nf flavors and Chern-Simons level k. The
effective twisted superpotential is given by:
W =
Nc∑
j=1
( Nf∑
a=1
(
W(3d)χ (Σj+ma)+W(3d)χ (−Σj+m˜a)
)
+πr(k+Nf )Σj(Σj+
i
r
)+2πrζΣj
)
.
(2.41)
This is just Nc copies of (2.23). Defining xj = e
2πrΣj , νa = e
2πrma , ν˜a = e
2πrm˜a , z = e2πrζ ,
we may write the vacuum equation exp
(
∂W
∂Σj
)
= 1 as:
z(−xj)k
Nf∏
a=1
(xj − ν−1a ) =
Nf∏
a=1
(1− xj ν˜−1a ), j = 1, · · · , Nc . (2.42)
This is the same as (2.24), and has Nf + k solutions for each Σj . A vacuum of the
U(Nc) theory is given by a simultaneous solution to these equations for all j. In order
that these are acted on freely by the Weyl symmetry, we must also impose that none of
the Σj are equal. Since the equation for each j is the same, due to the Weyl symmetry,
this is equivalent to picking Nc distinct solutions to this equation, and so this theory has(
Nf + k
Nc
)
vacua. In particular, if Nc > Nf + k, the theory is SUSY breaking and has no
supersymmetric vacua.
Now let us consider the “Higgs” 2d limit, where we hold t = 2πrζ and the other real
masses fixed as r → 0. As in the Abelian case, if we constrain a given Σj to have rΣj ≪ 1,
20
then the dependence of the effective twisted superpotential on Σj is given by (2.25), which
has Nf vacuum solutions, while the remaining k solutions lie at finite values of rΣj, and
are given given by (2.27). To construct a vacuum of the U(Nc) theory, we must pick the
Nc eigenvalues to be distributed amongst these Nf + k solutions in some way. Suppose
we take ℓ of them to have rΣj ≪ 1, and the remaining Nc − ℓ to be large. Since the
eigenvalues must be distinct, this requires ℓ ≤ Nf and Nc − ℓ ≤ k (in addition, of course,
to 0 ≤ ℓ ≤ Nc), so that:
max(0, Nc − k) ≤ ℓ ≤ min(Nc, Nf ) . (2.43)
For such a choice of ℓ, the ℓ small eigenvalues are governed by the same effective twisted
superpotential as the eigenvalues of a 2d U(ℓ) theory withNf flavors. The large eigenvalues,
on the other hand, behave as massive twisted chirals, and their dynamics is trivial. Thus
we conjecture that the theory is described in this region of field space by a 2d U(ℓ) gauge
theory with Nf flavors. The full low energy theory will be a direct sum of such low energy
gauge theory descriptions corresponding to each way of distributing the large and small
eigenvalues. Since, for a given ℓ, there are
(
k
Nc − ℓ
)
ways to arrange the large eigenvalues,
the U(ℓ) theory appears with this multiplicity in the direct sum. Thus, to summarize, we
find the low-energy description (ignoring decoupled massive twisted chiral multiplets):
min(Nc,Nf )⊕
ℓ=max(0,Nc−k)
(
k
Nc − ℓ
)
× U(ℓ)Nf flavors (2.44)
Here when ℓ = 0 we have simply a theory of massive twisted chiral multiplets. For k = 0
we obtain in this limit just the 2d U(Nc)Nf theory.
b. USp(2Nc) theories
The reduction of USp(2Nc) theories is very similar to that of U(Nc) theories, with a
few extra subtleties. We will just state the results here, and refer to Appendix B for the
details.
Consider an USp(2Nc) theory with 2Nf fundamental chiral multiplets, and Chern-
Simons level k. Here k and Nf may be half-integer, but cancellation of the global anomaly
imposes Nf + k ∈ Z, and we assume k ≥ 0. Let us again take the 2d Higgs limit, where
the masses of the chiral multiplets are held finite (note there is no FI term in this case).
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When 2Nf is odd one finds, much as in the U(Nc) case, that the resulting 2d theory is a
direct sum of 2d USp theories:
USp(2Nc)k, 2Nf odd →
min(Nf− 12 ,Nc)⊕
ℓ=max(0,Nc−k+ 12 )
(
k − 12
Nc − ℓ
)
USp(2ℓ)Nf (2.45)
When 2Nf is even, the behavior is more subtle. For the case k = 0, the gauge theory
reduces straightforwardly to the 2d USp(2Nc) theory. However, for k > 0, one finds that
in addition to a direct sum of gauge theories as we found above, there are also vacua where
one of the eigenvalues is governed by the twisted superpotential of a non-trivial LG model,
WLG = eYˆ + Yˆ
2Nf∑
a=1
ma. (2.46)
The full 2d theory we obtain in the reduction is then:
USp(2Nc)k, 2Nf even →
( min(Nf−1,Nc)⊕
ℓ=max(0,Nc−k+1)
(
k − 1
Nc − ℓ
)
USp(2ℓ)Nf
)
⊕( min(Nf−1,Nc)⊕
ℓ=max(0,Nc−k)
(
k − 1
Nc − ℓ− 1
)
USp(2ℓ)Nf + LG model (2.46)
)
.
(2.47)
It is not obvious that the Ka¨hler potential of the LG model (2.46) obtained from the 3d
reduction agrees with the natural Ka¨hler potential for this 2d LG model. We will return
to this issue when we discuss dualities below.
c. SU(Nc) theories
Finally, we consider the reduction of SU(Nc) theories with (anti-)fundamental matter.
A useful way to obtain these theories is to start from a U(Nc) theory with the same matter
content and promote the U(1)J symmetry to a gauge symmetry. For many purposes this
has the effect of “ungauging” the U(1) baryon number symmetry, leaving an SU(Nc)
theory.
Let us consider the SU(Nc) theory with Nf fundamental chiral multiplets and Na
anti-fundamentals, and CS level k. The effective twisted superpotential is given by:
W =
Nc∑
j=1
( Nf∑
a=1
W(3d)χ (Σj +ma) +
Na∑
a=1
W(3d)χ (−Σj + m˜a)
)
+ πr(k +
Nf +Na
2
)Σj(Σj +
i
r
) + 2πrλΣj
)
.
(2.48)
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This is identical to the twisted superpotential of the U(Nc) theory with Nf fundamentals
and Na anti-fundamentals, except we have renamed ζ → λ to emphasize that we now treat
it as a dynamical variable. It acts as a Lagrange multiplier, with its vacuum equation
imposing the tracelessness condition,
∑
j Σj = 0. More precisely, the vacuum equations
for this theory are:
Nf∏
a=1
(1− νaxj) = Λxk+
Nf−Na
2
Na∏
a=1
(xj − ν˜a),
Nc∏
j=1
xj = 1. (2.49)
The first condition gives a polynomial equation for each xj , and to find a vacuum, one
must find those values of Λ ≡ e2πiλ for which it is possible to pick Nc distinct solutions to
this polynomial satisfying
∏Nc
j=1 xj = 1.
Let us consider the limit of this equation as r → 0. Then, if we focus on the region
rΣj ≪ 1, we find the effective twisted superpotential is approximated by:
W =
Nc∑
j=1
( Nf∑
a=1
W(2d)χ (Σj+ma)+
Na∑
a=1
W(2d)χ (−Σj+m˜a)
)
+2πr(λ+(Nf−Na) log(2πrµ))Σj
)
.
(2.50)
After a redefinition of the Lagrange multiplier, λ → λ − (Nf − Na) log(2πrµ), this is
precisely the effective twisted superpotential of the 2d SU(Nc) theory withNf fundamental
and Na anti-fundamental flavors. The vacuum equations here are:
Nf∏
a=1
(Σj +ma) = Λ
′
Na∏
a=1
(−Σj + m˜a),
Nc∑
j=1
Σj = 0. (2.51)
This implies that all of the solutions of the 2d vacuum equations arise as solutions to
the 3d vacuum equations in the r → 0 limit. Thus we generically expect that in the 2d
reduction of the 3d SU(Nc) theory, we will find:
SU(Nc)k, Nf , Na → SU(Nc), Nf , Na
⊕
... (2.52)
where there may or may not be extra terms appearing in the direct sum. This question
is essentially equivalent to the question of whether there are strictly more vacua in the
3d theory than in the 2d theory (the above argument implies there are at least as many
in 3d), and the answer will depend on the specific values of Nc, Nf , Na, as well as on the
choice of k. The counting of vacua in SU(Nc) theories is more difficult than in U(Nc)
and USp(2Nc) theories, and in general there is not a simple closed formula. Generally one
finds that there are strictly more vacua in 3d than in 2d, so that a non-trivial direct sum
does arise. We will discuss the implications for duality in the next section.
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2.5. Reduction using supersymmetric partition functions
Let us now take an alternative approach to studying the reduction of mass-deformed
theories, which uses supersymmetric partition functions. The definitions and some basic
properties of the relevant partition functions are reviewed in Appendix A.
We start with a convenient 3d partition function, the S2 × S1 partition function (also
known as the supersymmetric index), and take a limit where the size of the S1 factor
goes to zero, upon which we obtain the S2 partition function of its 2d reduction. The
partition functions are especially useful since they very intuitively encode some of the
essential details of a Lagrangian. Reducing the index to the sphere partition function in
this representation we can then obtain not just the value of the partition function, but
sometimes also a natural guess for a Lagrangian in two dimensions that will give this
partition function. However, there are various subtleties in taking this limit, as we will
discuss below.
If we start with a dual pair in 3d, the duality implies the identity of their supersym-
metric indices, and so upon taking this limit on both sides we derive the identity of the S2
partition functions of their respective 2d reductions, which provides non-trivial evidence
for a 2d duality. However, it is important to perform further tests of this 2d duality to
verify that it is correct, and we find in some cases that, although the S2 partition functions
of a putative dual pair agree, they fail other, more refined tests, and so the duality does
not hold. For instance, the elliptic genus of a 2d theory does not have any 3d origin, so its
matching does not follow from a 3d duality.
The study of the reduction of a 3d theory by taking a limit of its supersymmetric index
should be equivalent to the analysis we performed above using the twisted superpotential,
and we will see that this is indeed the case. However, the two approaches use a somewhat
different point of view, and illuminate different aspects of the reduction.
As reviewed in Appendix A, the S2 partition function of a 2d N = (2, 2) gauge
theory/LG model is given by the following integral formula11 (here we work in units where
the radius of S2 is one):
Z
S
2(ma, Xβ) =
1
|W |
∫ ∏
i
dΣidΣ¯i
π
∏
α
dYαdY¯α
π
exp
(
W(+)
S
2 (Σi, ma, Yα, Xβ)−W(−)
S
2 (Σ¯i, m¯a, Y¯α, X¯β)
)
,
(2.53)
11 More precisely, the Σi are constrained to satisfy Σi + Σ¯i ∈ Z due to quantization of the flux
on S2, so this is really an integral and an infinite sum, but the essential arguments below are not
affected by this point.
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where Σi (ma) run over the dynamical (background) gauge multiplets in the theory, Yα
(Xβ) over the dynamical (background) twisted chiral multiplets, |W | is the order of the
Weyl group, and we define a curved space analogue of the effective twisted superpotential:
W(±)
S
2 =WUV,2d ± ΩUV,2d +
∑
I∈chirals
W(±)
χ,S
2(Q
i
IΣi + q
a
Ima). (2.54)
HereWUV,2d is the twisted superpotential appearing in the flat space UV action, while the
contribution of a chiral multiplet of R-charge ∆ is given by:
W(±)
χ,S
2(Σ) = log
(
Γ(
1
2
+ Σ± 1−∆
2
)
)
. (2.55)
We note this approaches the flat space effective twisted superpotential of a chiral multiplet
as Σ→∞ (recall that we took the radius of S2 to one, so this really means Σ · r
S
2 →∞).
We also allow for a so-called “effective dilaton” ΩUV,2d, which controls the coupling of the
theory to curved space [9].
We also consider the S2× S1τ partition function of a 3d N = 2 theory, with τ equal to
the radius of the S1 (namely, the ratio between the radii of the S1 and the S2). This can
be defined by a trace over states on S2:
TrHna [(−1)2J3q
1
2 (E+R)
∏
a
νa
Fa ], (2.56)
where q = e−τ , J3 is the angular momentum on S2, Fa are the changes under a basis
of the maximal torus of the flavor symmetry group of the theory, and we work in the
space of states with a background flux na on S
2 for the flavor symmetries. This can be
computed by writing the index of the free UV theory, depending also on fugacities zi for
the gauge symmetry, and then projecting onto gauge-invariant states by integrating over
zi and summing over gauge fluxes. For our purpose, it is useful to rewrite this in terms of
an integral formula similar to (2.53):
Z
S
2×S1τ
(ma) =
1
|W |
∫ ∏
i
dΣidΣ¯i
π
exp
(
W(+)
S
2×S1τ
(Σi, ma)−W(−)
S
2×S1τ
(Σ¯i, m¯a)
)
, (2.57)
where we have identified:
eτma = (eπiq)−na/2νa, eτm¯a = (e−πiq)−na/2ν−1a . (2.58)
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Here we have:
W(±)
S
2×S1τ
=WCS +
∑
I∈chirals
W(±)
χ,S
2×S1τ
(QiIΣi + q
a
Ima) (2.59)
with WCS equal to the contribution to the twisted superpotential of the Chern-Simons
terms, and:
W(±)
χ,S
2×S1τ
(Σ) = − log
(
(eτΣq1∓(1−∆);q)
)
, (2.60)
where (z;q) ≡ ∏∞j=0(1 − zqj). As above, this approaches the effective twisted superpo-
tential of a 3d chiral multiplet on R2 × S1τ as Σ is taken large.
Now we claim that, in a suitable sense, the τ → 0 limit of the supersymmetric index
of a theory gives the S2 partition function of its reduction. Moreover, this limit precisely
mirrors the procedure for the reduction of a 3d theory using the twisted superpotential,
discussed above.
In more detail, we start, as in Section 2.2, by choosing the scaling of the real mass
parameters, ma. In the theory on S
2 × S1τ , we should scale the background multiplets ma
in the same way as in our flat-space discussion (where now we replace 2πr with τ). Next,
recall that in order to focus on different vacua (or different regions of the moduli space)
it was necessary to scale the dynamical gauge multiplets in a specific way. In the context
of the S2× S1τ partition function, these dynamical multiplets are the integration variables,
Σi, and so for any finite τ such a rescaling has no effect. However, in the τ → 0 limit, we
may need to perform such a rescaling in order to capture the dominant contributions to
the integral. A useful way to think about this rescaling is that the limit of reduction to
two dimensions and the integrations/sums of the matrix model computing the index do
not necessarily commute. In general, finding the correct change of variables that allows us
to make these limits commute is a difficult analysis problem. However, we conjecture that
the choice dictated by the flat space analysis of the twisted superpotential always leads
to the correct change of variables in the limit of the index; as discussed above, in some
cases we expect different scalings of the dynamical fields to focus on different aspects of the
low-energy physics, that are relevant near different supersymmetric vacua. We can check
this conjecture by computing the limit of the index numerically, or by verifying that the
identities for supersymmetric indices implied by dualities in three dimensions reduce to
identities when we take the limit of vanishing τ and focus on the relevant physical vacua.
Let us analyze how various contributions to the index behave as we take τ → 0. First,
if the mass, Σ, of a chiral multplet stays finite in this limit, we find:
W(±)
χ,S
2×S1τ
(Σ)→W(±)
χ,S
2(Σ) + (−Σ± ∆− 1
2
) log(τ) + · · · . (2.61)
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On the other hand, if we take a limit where the mass Σ of a chiral multiplet becomes large
as τ → 0, then we may approximate the chiral multiplet contribution to the index by the
flat space effective twisted superpotential. Similarly, the contribution of a Chern-Simons
term is the same as that of the flat space effective twisted superpotential. Thus we see
that the integrand of the S2 × S1 partition function approaches that of the S2 partition
function of a certain theory, whose chiral multiplets come from the light chiral multiplets
of the 3d theory, and whose twisted superpotential comes from the limit of the effective
twisted superpotential of the 3d theory on a circle. We are then led to precisely the same
theory as we were led to by the twisted superpotential analysis above.12
More precisely, we find that in the τ → 0 limit of the index, there may be a divergent
overall factor. This factor arises from the pieces of the effective twisted superpotential and
effective dilaton depending only on background fields, which may diverge as τ → 0. For a
given scaling of the Σ’s, we generically find a saddle point for which the limit behaves as:
Z
S
2×S1τ
(ma(ta, τ); τ)
−→
τ→0 fdiv(ta, τ)ZS2(ta) + · · · , (2.62)
where ma and ta are as in Section 2.2, and fdiv is a function which diverges as τ → 0. We
expect that fdiv encodes anomalies or other protected information about the 2d theory,
along the lines of [22], but we do not explore this issue here.
A pair of dual 3d theories has equal supersymmetric indices. Then, provided we take
the same limit of parameters on both sides, we find an expression of the form (2.62) for
both theories. The divergent pre-factors necessarily agree, so we may strip them off and
infer the identity of the finite piece, which gives the identity of the S2 partition functions of
the corresponding 2d reductions. This provides non-trivial direct evidence for their duality.
However, a question still remains of what is the exact two dimensional theory which gives
rise to these S2 partition functions. We will stress in examples below that equality of 3d
indices leads to equality of S2 partition functions of a certain pair of theories, but not
necessarily to their duality.
One further complication that may arise is when the theory reduces to a non-trivial
direct sum of 2d descriptions. In that case, there will be several competing saddles in the
12 One should also consider the limit of the effective dilaton, which can be derived by a similar
procedure as the effective twisted superpotential. Studying its limit gives a slightly more refined
observable probing the 3d reduction, e.g., determining how the R-charge assignments behave upon
reduction, but we omit this analysis here.
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τ → 0 limit of the integral (2.57) corresponding to these summands. For a given range of
parameters (i.e., the ma and the R-charges of the chiral multiplets), one of these saddles
will typically be dominant over the others, and the S2 partition function we find in the
limit will be that of the theory corresponding to this term in the direct sum. As we vary
parameters, we may find the theories corresponding to other terms in the direct sum. We
will see examples of this behavior in the next section when we discuss dualities between
pairs of 3d theories.
Finally, we mention that, in addition to S2 × S1τ index discussed above, one can also
study the reduction using other 3d partition functions. For example, we may consider
the S3/Zp partition function, which reduces to the S
2 partition function in the p → ∞
limit [23], or the b → 0 limit of the S3b partition function, which is related to the twisted
superpotential of the 2d reduction [24]. In addition, one may consider the Σg×S1τ partition
function [9,10,11], which we claim reduces to the Σg partition function as the radius τ goes
to zero. Specifically, the former is computed in terms of the twisted superpotential and
effective dilaton of the 3d theory on S1τ , namely:
Z
Σg×S1τ
(ma, sa) =
∑
Σˆi∈Svac
Πa(Σˆi, ma)
saH(Σˆi, ma)g−1, (2.63)
where Σˆi ∈ Svac runs over the solutions to the vacuum equations exp
(
∂ΣiW
)
= 1, sa are
fluxes for the background gauge fields coupled to flavor symmetries, and:
Πa = exp
(
∂maW
)
, H = exp(Ω)deti,j ∂2W
∂Σi∂Σj
. (2.64)
The argument that the twisted superpotential (and effective dilaton) of the 3d theory
reduces to that of the 2d theory then directly implies that these ingredients reduce to
those of the 2d reduction, and so the τ → 0 limit of the Σg × S1τ partition function is
the Σg partition function of the 2d theory. This was recently checked to match for the 2d
dualities of Hori-Tong and Hori in [25], and we expect that the identities found there can
be obtained from the limit of identities of the Σg×S1τ partition function for appropriate 3d
dualities. More precisely, one generally finds (after appropriately rescaling the dynamical
twisted chiral fields) that contributions from multiple terms in the direct sum will appear
in the sum over vacua above, and one of these terms is typically dominant in the τ → 0
limit, as discussed for the S2 × S1τ index above.
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3. Reductions of dualities between discrete vacua
Next, we discuss examples of reductions of dualities from three to two dimensions. We
start in this section from cases where the parameters are such that there are only discrete
vacua; the theory in these vacua may be gapped, or the low-energy theory may be a non-
trivial conformal field theory with a discrete spectrum. In the next section we analyze
the special cases in which the low-energy theory has a continuous spectrum, leading to
additional complications.
There exist numerous IR dualities between gauge theories with N = 2 and N = 4
supersymmetry in three dimensions. For some of these dualities a derivation is known based
on assuming analogous dualities in four dimensions and using reductions and deformations
of those. For other dualities, for example mirror dual pairs with N = 4 supersymmetry,
no derivation of this type is known.
When considering four dimensional gauge theories on a finite circle, the effective the-
ory in three dimensions is a gauge theory with the same matter content as the one in four
dimensions, but typically with additional superpotentials which break explicitly symme-
tries that are broken by anomalies in four dimensions [1]. Another complication is that
the scalar fields descending from the components of the vector field along the circle are
compact. One can typically discover 3d UV completions of the low-energy 3d effective
theories as standard 3d gauge theories, albeit generally with a superpotential involving
monopole operators which is needed to obtain a bona fide three dimensional IR duality.
In some cases the compact nature of the scalar fields introduces additional complications
which affect the rank of the gauge groups [26].
We saw in the previous section that considering a 3d gauge theory on a circle can
lead to a wider variety of behaviors. In particular the UV completion that we find for the
effective theory is not always a gauge theory but rather it can be an LG model. We will
argue that when the vacua are discrete we can deduce dualities in two dimensions assuming
dualities in three dimensions. Some of the dualities already appear in the literature but
some are new. When there is a (compact) non-trivial low-energy CFT, the IR duality
states that this CFT is the same on both sides. When there is a massive vacuum, the IR
duality states that all observables that are protected by supersymmetry are the same on
both sides – in particular the twisted chiral ring and the masses of BPS states (such as
domain walls between different vacua).
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3.1. Reduction of dualities: N = 2 mirror symmetry
We begin with a discussion of 3d N = 2 Abelian mirror duals and the implications
for dualities in two dimensions. The discussion of the reduction here is not new and was
considered in [18]. We repeat this here as it is the simplest example and it illustrates some
of the general features that we have considered.
a. Basic example of N = 2 mirror symmetry
Mirror symmetry dualities with 3d N = 2 supersymmetry exchange monopole and
Higgs branch operators. Let us consider the most basic example:
• Theory A - A U(1) gauge theory with Chern-Simons term at level −12 , and a single
charge-one chiral. This theory has a ‘topological’ U(1) symmetry for which we can
add a real mass, which gives the FI parameter ζ. We discussed the reduction of this
theory in the previous section.
• Theory B - A free chiral multiplet. This has a U(1) flavor symmetry for which we can
add a real mass m, which maps to the FI parameter ζ of theory A via ζ = −m.
We can obtain this duality by beginning with the duality [27] between the 3d U(1)
gauge theory with chiral multiplets of charges ±1, and the theory of three chiral multiplets
with W = XY Z, and deforming it by an appropriate combination of its two real masses
that leaves one of the three chiral multiplets in the second description massless. We then
take this combination to infinity, while leaving fixed the other combination (which becomes
the real mass parameter mentioned above) [28].
Let us consider placing these theories on S1r and see what 2d theories we obtain. We
take a limit where the real mass parameter of the chiral multiplet, m, is held finite as
r → 0. On the free chiral side, we saw in (2.7) that the effective twisted superpotential
behaves as follows in the r → 0 limit:
W(3d)χ (m)→W(2d)χ (m) +m log(2πrµ) as r → 0. (3.1)
Similarly, on the gauge theory side, as in (2.15) we find that it is necessary to rescale the
gauge field as 2πrΣ = X − log(2πr), and the effective twisted superpotential behaves as:
W → −mX + µe−X +m log(2πrµ). (3.2)
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Note that the leading divergent terms in (3.1) and (3.2) match. This serves as a very
simple test of the duality, and means one can consistently add a counterterm on both sides
of the duality to subtract this piece and leave a finite twisted superpotential.
The 2d Landau-Ginzburg model defined by (3.2) was argued in [29] to be dual to a
free chiral superfield in 2d with a “real mass”m. So, as first discussed in [18], the reduction
from 3d seems to imply that this 2d duality follows from this basic example of 3d mirror
symmetry. However, this analysis only holds in the presence of a mass deformation. When
we turn the mass off, a continuous moduli space arises, and the low energy description
becomes sensitive to the D-terms in the action and, in particular, to the gauge coupling.
We will return to these issues in Section 4.
b. Partition function
Let us now repeat these arguments at the level of the supersymmetric partition func-
tions. The 3d duality implies the identity of the S2 × S1 partition functions (indices) of
the two theories:
IA ≡
∑
m∈Z
∮
dz
2πiz
znwmI∆= 13χ (z,m) , (3.3)
IB ≡ wn I∆=
1
3
χ (w,n) , (3.4)
where w and n are the index parameters corresponding to the U(1) global symmetry, and
I∆χ is the index of a chiral multiplet with a level −12 CS term regulator and R-charge ∆,
which we set to 13 here for convenience.
13
Above we kept the real mass parameter m corresponding to the U(1) symmetry fixed
as r → 0. Then from (2.58), we see that we should scale the index parameters as:
w = (−1)neiτW , n = n , (3.5)
where m = n
2
+ iW is held finite. On the free chiral side, using (2.61), we obtain the S2
partition function of a 2d free chiral (following from (2.55)), up to a divergent prefactor:
IB(w,n)→ τ− 23−2iWZ∆=
1
3
χ (W,n) . (3.6)
13 One can mix the R-charge with the U(1) global symmetry by taking w → wqc. This
introduces additional prefactors in the index which are related to U(1)R − U(1)global contact
terms. The choice ∆ = 1
3
gives the simplest expressions.
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On the gauge theory side, we must determine how to scale the integration variables,
z and m, in order to focus on the dominant terms in the integral. In Section 2.3 we saw
it was appropriate to scale the gauge variables as:
2πrΣ = X − log(2πr). (3.7)
Then from (2.58), and replacing 2πr → τ , we see that we should rescale the integration
variables in the index as:
z = (−1)meiβ , m = 2
τ
(α− log(τ)) , (3.8)
where X = α + iβ ∼ X + 2πi. The scaling of m means we can approximate ∑
m∈Z as
2
τ
∫
dα as τ → 0, and we find
IA(w, n)→ 1
πτ
∫
dαdβ τ1/3−2iW exp
(
2iαW + iβn − α
3
+ e−α+iβ − e−α−iβ
)
. (3.9)
We see that the divergent scaling agrees with (3.6), and so we can strip it off and we find
that also the finite pieces agree. In the first case, (3.6), we have the S2 partition function
of a free chiral coupled to a background gauge multiplet m = n
2
+ iW . In the second, (3.9),
we have the S2 partition function of the LG model with dynamical twisted chiral multiplet
X with (curved space) twisted superpotential,
W(±)S2 (X,m) = m X − e−X ∓
1
6
X . (3.10)
The first two terms correspond to the flat space twisted superpotential of this LG model
(2.15), while the third gives the dilaton coupling corresponding to the chosen R-symmetry.
The equality of the finite parts of the limits of the 3d indices implies that the S2 partition
function of these theories agree. This follows from the 3d duality, and in 2d it agrees
precisely with the prediction of the Hori-Vafa duality [29,30].
c. General N = 2 mirror symmetry
The duality described above is the basic building block of a more general 2d duality
between Abelian gauge theories [28]. The 3d theories in question are:
Theory A: U(1)M gauge theory with N chiral multiplets of charge Qa,j , a = 1, · · · , N ,
j = 1, · · · ,M , where N ≥ M . Here we take Qa,j to be an integer matrix of maximal
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rank, M . We also include a Chern-Simons term at level kj = −12
∑
aQa,j
2 for the j’th
gauge group. This theory has M U(1)J symmetries and (N −M) independent U(1) flavor
symmetries acting on the chirals.
Theory B: U(1)N−M gauge theory with N chiral multiplets of charge Qˆjˆ,a, where
jˆ = 1, · · · , N −M , with Chern-Simons level kˆjˆ = 12
∑
a Qˆ
2
jˆ,a
for the jˆ’th gauge group, and
where we gauge a certain discrete subgroup ⊗jZdj of the flavor symmetry. The form of
the dual charge matrix Qˆjˆa is given in [28]. This theory has (N −M) U(1)J symmetries
and M independent U(1) flavor symmetries acting on the chirals. The U(1)J and flavor
symmetries of the two theories are exchanged under the duality.
To reduce this duality, in the langauge of Section 2.3, we take a Higgs limit of theory
A. This leaves a 2d U(1)M gauge theory with chiral multiplets of charges Qa,j. On the
dual side, one can check that this limit of the mass and FI parameters maps precisely to
a Coulomb limit of Theory B, and one obtains an LG model, which is precisely the dual
description of [29]. The reduction of this duality is discussed in detail in [18].
3.2. Reduction of U(1) Nf = 1 ↔ XY Z
Another Abelian example, which falls outside the class considered above, is the duality
between the U(1) theory with one flavor and the XY Z model. The mapping of U(1) global
symmetries across the duality is shown in the table below. The reduction of the former
theory was considered in the previous section, and we saw that there were several 2d limits
one can consider.
U(1)A U(1)J
Q 1 0
Q˜ 1 0
X −1 1
Y −1 −1
Z 2 0 (3.11)
First, taking the Higgs limit gives a 2d U(1) gauge theory with one flavor. This
corresponds to taking the mass for the U(1)A symmetry finite, while scaling that for the
U(1)J symmetry to infinity. Then on the dual side, Z stays light, while X and Y become
heavy and can be integrated out, and so the superpotential becomes trivial. The 2d U(1)
theory then has a dual description as a free chiral multiplet. This duality is a special case
of the class of dualities considered in [31], and we will discuss the more general case below.
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We may also consider a different limit, where we hold both masses finite. Then all fields
of the XY Z theory stay light, and so we simply obtain the 2d XYZ theory. In the gauge
theory, we saw above that we obtain a certain LG model, with twisted chiral field x ∼ rΣ,
which is governed by the twisted superpotential (2.22):
W = ζx+ 2m log
(
2 sinh(
x
2
)
)
. (3.12)
Then it is natural to conjecture that this LG model is dual to the 2d XY Z theory. Indeed,
at the level of the mass-deformed theories, this duality seems to hold. Namely, one can
compute the S2 partition functions of the two theories, which are defined for non-zero mass
parameters, and they agree (this follows from the general discussion in Section 2.5). We
must be more careful when we take the masses to zero, and we will see below that this
duality fails to hold at zero mass.
3.3. Reductions of U(Nc) dualities
Here we consider dualities relating 3d N = 2 theories with U(Nc) gauge group and
(anti-)fundamental matter. These dualities are reminscent of four dimensional Seiberg
dualities [32], and in fact can be derived from them by dimensional reduction [1]. A
new feature in the three dimensional dualities is the Chern-Simons term, which plays an
important role in determining the dual description. We will see that, upon reduction on a
circle, we recover in all cases the 2d dualities of [31] and [33], although the details of how
this happens are non-trivial, and depend on the 3d starting point.
a. The k = 0 duality
We start with a duality [34] relating the following theories:
• Theory A - A 3d U(Nc) gauge theory with Nf fundamental flavors (Qa, Q˜b).
• Theory B - A 3d U(Nf −Nc) gauge theory with Nf fundamental flavors (qa, q˜b) and
singlet chirals Mab and V± with superpotential:
W = qaMabq˜
b + V+V˜− + V−V˜+ , (3.13)
where V˜± are monopole operators which parameterize the Coulomb branch of the
theory.
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Under the duality, the monopole operators of theory A map to the singlets V± of
theory B, and QaQ˜b maps to Mab. The global symmetry group of the two theories is
SU(Nf )× SU(Nf )× U(1)A × U(1)J × U(1)R, and the fields are charged as:
SU(Nf ) SU(Nf ) U(1)A U(1)R U(1)J
Qa Nf 1 1 0 0
Q˜b 1 Nf 1 0 0
qa N¯f 1 −1 1 0
q˜b 1 N¯f −1 1 0
V± 1 1 −Nf Nf −Nc + 1 ±1
(3.14)
We will take the specific r → 0 limit of this theory that leads in Theory A to the
2d gauge theory, namely (as discussed in the previous section) we keep the real masses
for flavor symmetries finite, while we set 2πrζ = t and hold t finite. For theory A, a 2d
description is then given by the 2d U(Nc) theory with Nf flavors and FI parameter t.
For theory B, we must understand the effect of the extra singlets and the superpo-
tential. Ignoring the V± fields, we have a ‘Higgs limit’ also in this theory, so we would
obtain a 2d U(Nf −Nc) gauge theory with Nf fundamental flavors and singlets Mab with
superpotential W = qaMabq˜
b. To see the effect of the V± fields, note that they are charged
under the U(1)J symmetry, and so become very heavy in the limit above where ζ → ∞.
Thus they should be integrated out, and one computes their contribution to the effective
twisted superpotential as:
WV± =W(3d)χ (
t
2πr
−NfmA) +W(3d)χ (−
t
2πr
−NfmA) +WCS , (3.15)
where mA is the real mass for the U(1)A symmetry, and WCS is the contribution of a level
1 CS term introduced to cancel the background terms implicit in the regularization of the
chiral multiplets. This has the same structure as the limit we took in (2.22), and one finds
that in the r → 0 limit this becomes:
WV± = −NfmA log
(
2 sinh(
t
2
)
)
+O(r) . (3.16)
Thus to summarize, the 3d duality on a circle leads to the following 2d duality, which
was first found in [31]:
• Theory a - A 2d U(Nc) gauge theory with Nf fundamental flavors (Qa, Q˜b).
• Theory b - A 2d U(Nf −Nc) gauge theory with Nf fundamental flavors (qa, q˜b) and
singlet chirals Mab, with superpotential W = q
aMabq˜
b. In addition, there is a back-
ground twisted superpotential for the background twisted chiral fields:
WBG = −NfmA log
(
2 sinh(
t
2
)
)
. (3.17)
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Although this is only a function of background fields, it is important to include it
to ensure the correct matching of certain observables, such as partition functions,
and certain correlation functions which can be obtained from partition functions by
differentiating with respect to these background fields.
b. Giveon-Kutasov duality
Next we consider the duality of Giveon and Kutasov [35]. This relates the following
theories:
• Theory A - A 3d U(Nc) gauge theory with Nf fundamental flavors (Qa, Q˜b) and
Chern-Simons level k, which we may take to be positive.
• Theory B - A 3d U(k +Nf −Nc) gauge theory with Nf fundamental flavors (qa, q˜b),
Chern-Simons level (−k), and singlet chirals Mab with superpotential W = qaMabq˜b.
The Chern-Simons level lifts the Coulomb branch of both theories, and hence there
are no longer chiral monopole operators, and correspondingly the V± singlet fields are not
present. The global symmetries act on the other fields as in the previous subsection.
The reduction of theory A was considered in Section 2.4. We found that it gives rise
to a direct sum of 2d gauge theories, which we call theory a:
min(Nc,Nf )⊕
ℓ=max(0,Nc−k)
(
k
Nc − ℓ
)
× U(ℓ)Nf flavors . (3.18)
For theory B, the reduction is similar, and theory b is also a direct sum:
min(k+Nf−Nc,Nf )⊕
ℓˆ=max(0,Nf−Nc)
(
k
k +Nf −Nc − ℓˆ
)
× U(ℓˆ)Nf flavors+mesons (3.19)
We see that if we match the ℓ’th term on side a with the ℓˆ’th term on side b for ℓˆ = Nf − ℓ,
the degeneracies match and we find the same duality as in the previous subsection. If one
carefully keeps track of the twisted superpotential as a function of the background fields,
including the contribution of relative Chern-Simons contact terms across the duality, one
recovers the 2d background term, WBG, above. There are additionally contributions toW
which diverge as r → 0 in different ways for different terms in the direct sum. For each
such term, these can be checked to match with the corresponding term in the direct sum
of the dual theory, providing further evidence for the duality mapping.
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c. Partition function
Turning now to the partition function, this duality implies the following identity of
supersymmetric indices:
IU(Nc)k,Nf (νa, ν˜a,w; sa, s˜a,n) =
IU(k+Nf−Nc)−k,Nf (νa
−1, ν˜−1a ,w;−sa,−s˜a,n)Imesons(νa, ν˜a; sa, s˜a) ,
(3.20)
where νa, ν˜a, a = 1, · · · , Nf , and w are the fugacities for the U(Nf ) × U(Nf ) × U(1)J
global symmetry, and sa, s˜a, and n are the corresponding fluxes. We take all the chiral
multiplets in theory A to have a common R-charge, ∆, and then the chirals in theory B
have R-charge 1−∆.
Again we take the Higgs limit for the gauge theories, where the mass parameters for
the flavor symmetry are held finite and the FI parameters are scaled to infinity. This
corresponds to the following limit of the index parameters:
νa = (−1)saeiτMa , ν˜a = (−1)s˜aeiτM˜a , w = (−1)neiθ,
sa = sa, s˜a = s˜a, n =
2
τ
rˆ,
(3.21)
where t = rˆ + iθ is the 2d complex FI parameter.14
Next we must choose how to scale the integration variables in the index, which cor-
respond to the gauge fields, in order to focus on saddle points as τ → 0. Let us first
focus on theory A; a similar analysis will hold for theory B. As discussed in Section 2.4,
there are various ways to scale the gauge field strength multiplets, each of which lead to
different terms in the direct sum of theories that describes the reduction of this theory.
Correspondingly, there are several ways to scale the integration parameters in the index
corresponding to different saddle points of the integral in the τ → 0 limit. We will see that
these saddle point contributions come with different divergent prefactors and, depending
on the choice of background fields, one of them will be dominant and describe the leading
piece in the τ → 0 limit.
Let us first consider the naive limit, where we scale the gauge parameters as:
zj = (−1)mjeiτZj , mj = mj , j = 1, · · · , Nc. (3.22)
14 We denote the real FI parameter, rˆ, with a hat to distinguish it from the radius of S1. Here
n is an integer, but rˆ becomes valued in R as we take τ → 0.
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Then, using (2.61) to take the limit of the constituent chiral multiplets in the index, it is
straightforward to check that limit of the index behaves as
Limit 1 : IU(Nc)k,Nf
−→
τ→0 τ
Nc
2+2NcNf (∆−1−2iM)ZU(Nc)Nf , (3.23)
whereM = 1Nf
∑
a(Ma+M˜a), and the finite piece on the right-hand side is the S
2 partition
function of the 2d U(Nc) theory with Nf flavors.
However, as expected from our discussion in Section 2.4, there are also other saddle
points of the integral in the τ → 0 limit, which we can isolate by redefining the integration
variables before taking the limit. To motivate this from the point of view of the index,
note that the CS and FI terms contribute to the index as∏
j
zj
kmjzj
nwmj =
∏
j
w−n/k(zjw1/k)kmj+n . (3.24)
Then we may expect dominant contributions to the integral when this phase is one, which
can be arranged by shifting:
zj → w−1/ke2πiaj/kzj = ei(−θ+2πaj)/kzj , mj →mj − 1
k
n =mj − 2
kτ
rˆ (3.25)
for some choice of aj ∈ Zk, and then focusing on the region near zj = 1,mj = 0. If we take
this scaling for ℓ of the variables, the contribution from the matter and vector multiplet
for these variables is15
e−i2ℓθrˆ/kzjkmj
∏
1≤i≤j≤ℓ
(1− e2πi(ai−aj)/k)
ℓ∏
j=1
e−
rˆ
k
(Nc−ℓ+2Nf (∆−1−iM))− ik (−θ+2πaj)Nfs×
∏
±
(1− e 1k (−rˆ±(−iθ+2πiaj)))Nc−ℓ+2Nf (∆−1)−2iNfM∓Nf s .
(3.26)
From the middle factor on the first line we see that we should set all the aj distinct, and
so ℓ ≤ k. Let us assume k ≤ Nc, and take the maximal choice, ℓ = k. Then, at the cost of
a symmetry factor k!, we can set aj = j, and this simplifies to
kke−2iθrˆzjkmje−rˆ(Nc−k+2Nf (∆−1−iM))+iθNf s
∏
±
(1− e−rˆ∓iθ)Nc−k+2Nf (∆−1)−2iNfM∓Nfs .
(3.27)
15 Here we define M = 1
2Nf
∑
a
(Ma + M˜a) and s =
1
2Nf
∑
a
(sa + s˜a). The limit of the contri-
bution of the chiral multiplets is derived by noting, as in the previous section, that W
(±)
χ,S
2
×S
1
τ
(Σ)
goes over to the flat space twisted superpotential for large Σ, and taking a limit of the latter
similar to the one giving (3.16).
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Then the sum overmj gives
1
k δ(zj−1), cancelling the kk factor. What remains is precisely
ZBG ≡ eWBG−W¯BG , with WBG defined in (3.17). For the remaining Nc − k variables we
take the usual gauge theory limit. The k! symmetry factor combines with a factor of (Nck ),
from the ways of choosing which k variables to shift, and with the 1Nc! Weyl symmetry
factor, to produce the 1(Nc−k)! Weyl symmetry factor for U(Nc − k), and so one finds
Limit 2 : IU(Nc)k,Nf
−→
τ→0 e
−2iθrˆτ (Nc−k)
2+2Nf (Nc−k)(∆−1−iM)ZU(Nc−k)NfZBG . (3.28)
One can similarly take limits where 0 < ℓ < k, and the various choices correspond
directly to the various terms in the direct sum (2.44). These will all appear with different
divergent prefactors, which depend on the background fields and choice of R-symmetry, as
in (3.23) and (3.28). One of these saddle points will be dominant, and will determine the
τ → 0 limit of the index, but as we vary parameters the dominant saddle may change.
One can perform analogous limits on theory B. Here one must be careful when com-
paring the two sides, because there is a relative background CS contact term for the U(1)J
symmetry. If we choose to put this on theory B, it is at level −1, and contributes a diver-
gent phase e−2irˆθ/τ in the limit. Working out the corresponding two limits on theory B
we find
Limit 1 : IU(k+Nf−Nc)−k,Nf+mesons
−→
τ→0
e−2iθrˆτ (Nc−k)
2+2Nf (Nc−k)(∆−1−iM)ZU(k+Nf−Nc)Nf+mesons
Limit 2 : IU(k+Nf−Nc)−k,Nf+mesons
−→
τ→0 τ
Nc
2+2NfNc(∆−1−iM)ZU(Nf−Nc)Nf+mesonsZBG .
(3.29)
Comparing the scalings, we find, as above, that the limit 1 (or 2) of side A scales in the
same way as limit 2 (or 1) of side B. Thus we conjecture that when limit 1 is valid on side
A, limit 2 is valid on side B, so that we obtain the following identity in 2d,
ZU(Nc)Nf = ZU(Nf−Nc)Nf+mesonsZBG . (3.30)
This is the statement of the matching of the S2 partition functions for the duality of [31,33].
Note that for a given choice of parameters, we only obtain as τ → 0 the duality for
the term in the direct sum corresponding to the dominant saddle. In general this will be
the dominant saddle for some open subset of parameter space, and then we may argue for
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the duality in general by analytic continuation. For other regions in parameter space, we
may obtain the duality for other terms in the direct sum.
To summarize, we started in three dimensions with dualities depending on the level
of the Chern-Simons term. Upon reduction the information of the level is encoded in
the summands appearing in the direct sum of theories. The consistency of the reduction
of the duality web can be viewed as a non trivial check of the dualites in both two and
three dimensions. One can also consider the reduction of the most general U(Nc) dualities
involving fundamental and anti-fundamental matter [36], and one similarly finds they lead
to the 2d U(Nc) dualities discussed in [31].
3.4. More dualities
In this section we discuss reductions of dualities with gauge groups USp(2Nc) and
SU(Nc). The arguments here are similar to the U(Nc) cases above and so we will be brief.
Some further details are discussed in Appendix B.
a. USp(2Nc) dualities: half integer CS level → USp(2Nc) Hori duality
The duality we consider [37] is between theory A, a USp(2Nc) theory with CS level k
and 2Nf fundamental chiral multiplets Qa, and theory B, a USp(2(Nf+k−Nc−1)) theory
with CS level −k, 2Nf fundamental chirals qa, and Nf (2Nf − 1) singlet chirals Mab, with
a superpotential
∑
1≤a<b≤2Nf qaqbM
ab. Here we may take k and Nf half-integer provided
their sum is integer, which ensures cancellation of the global anomaly.
We first consider the case when k > 0 is half-integer. The number of fundamental
chiral fields, 2Nf , is then odd. In this case, as we discussed in Section 2.4, the effective
theory on the circle splits to a direct sum
(A) USp(2Nc)k, 2Nf →
min(Nf− 12 ,Nc)⊕
ℓ=max(0,Nc−k+ 12 )
(
k − 12
Nc − ℓ
)
USp(2ℓ), Nf (3.31)
The dual theory splits to
(B) USp(2(Nf+k−Nc−1))−k, 2Nf →
min(Nf− 12 ,Nf+k−Nc−1)⊕
ℓˆ=max(0,Nf−Nc− 12 )
(
k − 1
2
Nf + k −Nc − 1− ℓˆ
)
USp(2ℓˆ), Nf
(3.32)
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Here we also have the singlet fields Mab which reduce to two dimensions. Then we claim
that the term with ℓ in the sum appearing in the reduction of (A) is dual to the term with
(Nf− 12−ℓˆ) in the sum for (B). All these dualities are of the same form, mapping USp(2Nc)
with 2Nf fundamental chirals to a dual USp(2(Nf−Nc− 12 )) with 2Nf fundamental chirals
and singlet mesons. This is the 2d duality discovered by Hori [38].
b. USp(2Nc) dualities: integer CS level
We can also consider the reduction of dualities when k is integer. Let us start with
the simplest case of vanishing k [34]. Here theory A is a USp(2Nc) gauge theory with 2Nf
(even) fundamental chiral multiplets Qa. Theory B is a USp(2(Nf−Nc−1)) gauge theory
with 2Nf fundamental chiral multiplets qa, Nf (2Nf −1) chiralsMab, a, b = 1, · · · , Nf , and
a singlet chiral Y , with a superpotential
W =
∑
a<b
Mabqaqb + Y Y˜ , (3.33)
where Y˜ is the monopole operator, which parameterizes the Coulomb branch of the mass-
less theory. We saw in Section 2.4 that these theories reduce in a straightforward way
to the corresponding 2d gauge theories. Thus we are led to the following two 2d theories
being dual :
Theory A : USp(2Nc) with 2Nf fundamental chirals,
Theory B : USp(2(Nf −Nc − 1)) with 2Nf fundamental chirals with singlet mesons
and Y .
Since the monopole operator Y˜ becomes very heavy and decouples in the 2d limit we
are considering, we expect the superpotential (3.33) for Y to become trivial in 2d, such
that Y becomes a free field in theory B. This leads to a prediction that the dual theory A
has an additional accidental U(1) symmetry at low energies, acting on a free field. It would
be interesting to gather additional evidence for this conjecture. Theories A and B have
exactly matching S2 partition functions, as long as we fix the global charge of Y to be the
one imposed by the monopole superpotential (3.33) in 3d. In principle the R-symmetry
could mix with the new accidental symmetry, but we do not know how to take this into
account in theory A.
One can similarly reduce the duality at integer k > 0. Here one finds that the terms
in the first line of (2.47) on one side of the duality map to the terms on the second line on
the dual side, and vice-versa. This means that on one side of the duality there is an extra
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twisted LG model, which may be dualized by the Hori-Vafa duality into a chiral field Y
charged under the U(1)A global symmetry. Assuming this we are led to precisely the same
duality as above.
c. SU(Nc) dualities → SU(Nc) Hori-Tong duality and new dualities
Here we briefly comment on the reduction of SU(Nc) dualities. Our starting point is
the duality of [1,39,40], which relates:
Theory A - SU(Nc) with Chern-Simons level k, Nf fundamental flavors, and Na anti-
fundamental flavors. Here we can use charge conjugation and parity to take k ≥ 0 and
Nf ≥ Na, and we also impose:
0 ≤ k < Nf −Na
2
(3.34)
Theory B - Whenever (3.34) is satisfied, this has a dual 3d description with gauge
group SU(Nf − Nc), Chern-Simons level −k, and Nf fundamental flavors and Na anti-
fundamental flavors, plusNfNa uncharged mesons,Mab, which couple via a superpotential:
W =Mabq
aq˜b. (3.35)
One can also find a dual description when (3.34) is not satisfied, where the dual theory
has a U(1)× SU(Nˆc) gauge group, but we will not consider this case here.
The reduction of these theories was discussed in the previous section. We found that
the reduction of the 3d SU(Nc) theory with a given matter content is, in general, the
direct sum of the 2d SU(Nc) theory with the same content, plus possible additional con-
tributions. Although we were not able to characterize these additional contributions in
complete generality, we conjecture that, provided we impose (3.34) as above, the sum-
mand corresponding to the 2d SU(Nc) theory maps under the duality to the summand
corresponding to the 2d SU(Nf −Nc) theory. This would imply the following 2d duality:
Theory a - SU(Nc) with Nf fundamental flavors and Na < Nf − 1 anti-fundamental
flavors.16
Theory b - SU(Nf − Nc) with Nf fundamental flavors, Na anti-fundamental flavors, and
NfNa mesons, with the same superpotential as in (3.35).
16 The condition Na < Nf − 1 arises because we impose 0 ≤ 2k < Nf − Na, which excludes
Nf −Na = 0, 1. Note that we must have k + (Nf −Na)/2 ∈ Z.
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For Na = 0, this reproduces a known duality, some superpotential deformations of
which were discussed in [19]. For 0 < Na < Nf , we believe this is a new duality. However,
we will see in Section 4 that further restrictions must be imposed on the parameters in
order for this duality to hold in the massless theory.
d. Duality appetizer → SO(1)/O(1) Hori duality
Finally, we consider the 3d duality of [41]:
• Theory A - SU(2) gauge theory with a level 1 Chern-Simons term and a single adjoint
field, Z.
• Theory B - A free chiral field, X .17
Under this duality the operator X is identified with Tr(Z2). Both descriptions have
a U(1) global flavor symmetry and a U(1) R-symmetry. To be consistent with the duality
we assign to X twice the charges of the field Z. Evidence for this duality can be obtained,
for example, by showing that various partition functions for this pair of theories agree.
As before, the reduction on a circle of the free side of the duality is straightforward;
we take the usual limit for the global symmetry and obtain the zero momentum KK mode
as the 2d chiral field. On the other side of the duality the reduction is trickier due to the
presence of the CS term. The CS term is crucial for the duality to hold in three dimensions
and it has a non-trivial effect on the reduction.
In Appendix B we discuss the reduction of this side of the duality in more detail. As
described there, we can obtain from this reduction the following duality of [38,42]:
• Theory a - The Z2 orbifold of a free chiral field X . Because of the orbifold, the basic
gauge-invariant operator is X2, and there is a quantum Z2 global symmetry acting
on twisted sector states.
• Theory b - An LG model with chiral fields Y and Z and a superpotential ZY 2. Here
the field Z maps to X2 on the dual side, while Y maps to a twisted sector state. The
quantum Z2 symmetry of theory a maps to the symmetry taking Y → −Y .
We describe further evidence for this duality using supersymmetric partition functions
in Appendix B.
17 In addition there is conjectured to be a decoupled topological theory, which is important to
obtain a precise matching of vacua across the duality, as discussed in Appendix B.
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4. The reduction of theories with non-compact moduli spaces
In three space-time dimensions or more, the matching of the effective superpotential
and all chiral observables, discussed in the previous sections, provides very convincing
evidence for IR dualities. In two space-time dimensions, this is not always the case in the
presence of spaces of classical supersymmetric vacua (“moduli spaces”), because the metric
on the moduli space, which is not protected by supersymmetry, is a classically marginal
operator which cannot be ignored in the IR dynamics. In addition, wavefunctions spread
out over the whole moduli space (which is called the “target space”).
For compact target spaces these are not serious problems, as there is typically a finite
number of supersymmetric vacua (given by the Witten index). However, for non-compact
target spaces there may be some normalizable supersymmetric vacuum near the origin, but
there is always a continuum of states describing scattering states coming in from infinity
and going back out. The conformal field theory describing the low-energy dynamics then
has a continuous spectrum of operators.
This leads to several issues in formulating and testing IR dualities for 2d supersym-
metric theories. Given two theories that are conjectured to be dual to each other, the
UV metrics (Ka¨hler potentials) on the moduli space are generally not the same. They
are marginal operators that flow in a way that is not controlled by supersymmetry, and
it is hard to say whether they flow to the same fixed point or not; this is necessary for
an IR duality, in addition to the matching of all protected objects. Moreover, the metrics
of putative dual theories are often different even in the asymptotic regions; this is not an
issue in higher dimensions where the metric is an irrelevant operator, but it is a serious
problem in two dimensions where the theory explores the full moduli space and is sensitive
to its metric. In addition, the S2 partition function often diverges in these cases, and the
elliptic genus generically gives non-integer values that are difficult to interpret, making it
difficult to test dualities by the usual tools.
Note that having a non-compact moduli space is not distinguishable from having
supersymmetric vacua at infinity, since these also lead to a continuum. A famous example
is the cigar/Liouville duality. So when we refer to non-compact moduli spaces in this
paper, we will refer to both cases.
Note also that these problems arise already for 3d theories compactified on a very
large circle, since their low-energy theory is already two dimensional. So even two theories
that are IR-dual in three dimensions will often not be dual when they are compactified on
a finite circle, because of their different metrics.
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We begin in Section 4.1 by describing how the partition functions behave in non-
compact CFTs. In Section 4.2 we discuss IR dualities between 2d non-compact CFTs. In
Section 4.3 we discuss the reduction on a circle of 3d theories with non-compact moduli
spaces, and in Section 4.4 we discuss some examples of reductions of dual theories. Finally,
in Section 4.5 we discuss the behavior of theories with several non-compact branches of
their moduli space.
4.1. Partition functions of non-compact CFTs
Some useful tools for studying N = (2, 2) theories are the supersymmetric partition
functions on S2 and T2, reviewed in Appendix A. Here we mention some issues that arise
in computing these partition functions for theories with a non-compact target space.
First consider the S2 partition function. As discussed in Appendix A, this depends on
background twisted chiral multiplets.18 For a compact theory, the S2 partition function
computes the Ka¨hler potential Kt.c. on the portion of the conformal manifold involving
exactly marginal deformations by twisted chiral multiplets λ [43]:
Z
S
2 = (lΛUV )
c/3e−Kt.c.(λ,λ¯) , (4.1)
where l is the radius of the S2. On the other hand, for a non-compact theory, the S2
partition function does not converge unless one also turns on background values of vector
multiplets coupled to flavor symmetries, which lift the non-compact moduli space. The
resulting object is a function of these background values, with poles along loci in parameter
space where non-compact branches open up. Because the non-compact directions on the
target space are lifted whenever the S2 partition function is well-defined, it is insensitive
to the asymptotic Ka¨hler potential in these directions.
Next consider the T2 partition function, or elliptic genus. For a compact N = (2, 2)
theory, which has a discrete spectrum of states on S1, this has the interpretation of a trace
over states in the RR sector:
I(y) = Tr [(−1)F yJL] , (4.2)
18 More precisely, this is true when we put the theory on S2 in a way which preserves the U(1)V
R-symmetry; there is another compactification preserving the U(1)A R-symmetry, which is related
by a Z2 automorphism of the supersymmetry algebra, but we will not consider it in this paper.
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where JL is the left-moving R-charge. If we take the limit y → 1, we obtain the Witten
index, which is an integer.
As with the S2 partition function, for a non-compact theory the flat directions lead
to a divergence in the naive T2 partition function above, and we typically need to turn
on background values for vector multiplets coupled to flavor symmetries, to lift at least
parts of the non-compact moduli space (“Higgs branches”). Here these are flat background
connections (Wilson lines on the cycles γ1,2 of the torus) for the i’th component in the
flavor symmetry group. If we define:
νa = e
2πi(
∫
γ1
A(a)+τ
∫
γ2
A(a))
, (4.3)
then the elliptic genus is in general a meromorphic function of y and the νa. We may again
interpret this as a trace:
I(y, νa) = TrHνa
[
(−1)F yJLνaFa
]
(4.4)
where Fa are the flavor symmetry generators. The trace is now taken in a “twisted sector”
of the Hilbert space, Hνa , where the fields are given twisted boundary conditions on the
spatial circle due to the flat connection for the flavor symmetry group.
The limit y → 1 is more subtle in the non-compact case. In general we may obtain a
fractional answer after regulating the contributions from infinity. For example, the elliptic
genus of the SU(2) gauge theory with Nf flavors satisfies:
lim
y→1
I(y, νa) = Nf − 1
2
. (4.5)
For generic νa the Higgs branch of this theory is lifted. For odd Nf , the theory has no
Coulomb branch because an effective theta angle θ = π is generated, and the y → 1 limit of
the elliptic genus agrees with the counting of vacua (the vacua are discrete for generic νa).
However, for Nf even, there is an unlifted non-compact Coulomb branch for any νa, and
this apparently contributes −12 to the elliptic genus (rather than a divergence as above).
As νa → 0 there are two non-compact branches in the moduli space; we will discuss this
situation in Section 4.5 below.
Another interesting case is the elliptic genus of theories with an asymptotically cylin-
drical target space, such as a sigma model on a cigar. These theories have a continuum of
states even after twisting by flavor symmetries. As a result, the usual cancellation between
bosons and fermions does not hold precisely, leading to a non-holomorphic result [44,45].
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The discussion above implies that the elliptic genus is in some ways a more refined
observable of a CFT than the S2 partition function, since it gets contributions from different
branches including vacua at infinity, and it also seems sensitive to some features of the
asymptotic Ka¨hler potential on non-compact branches of the theory. We will see below
examples of putative dual pairs of 2d theories, whose S2 partition functions match, but
whose T2 partition functions do not, and we will discuss the implications.
4.2. IR dualities
Let us now consider various IR dualities between different N = (2, 2) theories, some
of which were discussed in the previous section. Several different behaviors are possible.
The simplest case is when two different theories flow at low energies to the same
compact CFT. This case is similar to higher dimensional IR dualities; the speed of the
flow is controlled by the dimension of the lowest irrelevant operator consistent with the
symmetries of the problem.
When the two theories are non-compact the situation is more complicated. In such a
case the spectrum is generally continuous. The continuous operators are not normalizable
(they are delta-function normalizable) so they will not be generated during a renormaliza-
tion group flow, but the classically-marginal metric still has a non-trivial flow. We expect
the low-energy description to be given by a sigma model on the space of classical vacua, or
on a space where we have a superpotential whose derivative vanishes at infinity. Namely,
it is given by some (twisted) chiral superfields, with some effective superpotential which
can be computed exactly, and with some metric (Ka¨hler potential).
One option is that the asymptotic regions could have angular directions which ap-
proach a finite size at infinity. The sigma model description is valid when the curvature
of their metric is small. Such a space can be a fixed point of the renormalization group
flow (or an approximate one) when the asymptotic compact directions are Ricci-flat; the
simplest case is a cylinder, with an asymptotic circle. When this is the form of the metric
at high energies, it seems likely that it will remain so also at low energies, namely that the
theory will flow to a fixed point describing a sigma model of the same asymptotic form;
the only things that can change are normalizable metric deformations near the origin, or
a linear dilaton may be generated along the radial direction [46]. These are typically irrel-
evant operators in the IR, suggesting that as long as the asymptotic metric is the same,
IR dualities are plausible. Examples are Liouville theory – a chiral superfield X with a
periodic identification of its imaginary part, a W = µe−X superpotential, and a metric
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which is flat at X →∞ – and sigma models on spaces with the topology and asymptotic
geometry of a cigar.
In [46] an IR duality was suggested between this supersymmetric Liouville theory and
a specific gauge theory. The gauge theory is a U(1) gauge theory coupled to two chiral
superfields, on one of which the gauge transformation acts in the standard way Φ→ eiαΦ,
while the other is twisted by it, P → P + iα. All the fields have canonical metrics at high
energies. It was shown in [46] that the low-energy description of the gauge theory, below
the scale set by the gauge coupling, is a sigma model on a space which is asymptotically
a cylinder. This is the same asymptotic metric as in the Liouville theory, and it has finite
angular directions at infinity. A detailed renormalization group analysis showed that the
two theories flow to the same theory, which from the point of view of the sigma model may
be viewed as a cigar. This is an example of an IR duality between two UV theories with
different metrics, that flow to the same non-compact IR CFT.
The other option is that all the angular directions could open up at infinity, including
the simplest case of free fields. In this case the renormalization group flow can be much
more complicated. We argued in [6] that a typical renormalization group flow can change
the asymptotic form of the metric, so that even two theories whose high-energy metric is
different asymptotically on the moduli space can flow to the same theory at low energies.
More precisely, the renormalization group flow leads to a change in the metric, first near
the origin of the moduli space, and then gradually it flows out towards infinity. In such a
duality, any computations that are localized in the interior of the moduli space would be
the same on both sides at low energies, though it takes a longer and longer renormalization
group time for this to be true as one goes out on the moduli space (and, even in the interior,
the presence of many classically marginal operators means that one approaches the fixed
point quite slowly). The metric and observables at infinity stay different for any finite
renormalization group time. Two examples of this type were discussed in detail in [6], and
we will mention further examples below.
As a typical example, consider a duality proposed in [29] between a U(1) theory with
Nf chiral superfields of charges Qi (i = 1, · · · , Nf ,
∑Nf
i=1Qi = 0) and an FI parameter t,
and a theory of Nf twisted chiral superfields Yi, subject to a constraint
∑Nf
i=1QiYi = t
and a periodicity Yi ≡ Yi + 2πi, with a twisted superpotential
W = µ
Nf∑
i=1
e−Yi . (4.6)
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For generic values of t the gauge theory flows to some sigma model on its non-compact
(Nf − 1)-dimensional Higgs branch, and the theory of the twisted chiral superfields is also
described by a sigma model on a similar space, with the superpotential (4.6) implying that
all vacua are at infinity.
Our considerations above make it clear that in order to state the duality we need
to specify not just the superpotential of the Yi’s, but also their Ka¨hler potential at high
energies. The gauge theory is asymptotically free and its metric for the chiral superfields
is flat at high energies. The Higgs branch may be described in terms of gauge-invariant
variables formed from these chiral superfields; the metric formed from such variables is
generally no longer flat, and it does not have any angular directions that do not grow at
infinity. In the dual theory, it is natural to choose the UV metric for the Yi to be flat.
However, in that case the metric at infinity is (Nf − 1) copies of a cylinder, with angular
directions that do not grow. As described above, we do not expect the renormalization
group to change the behavior of such compact directions at infinity, so with this UV metric
the two theories are not dual to each other. If we choose a different metric in which the
angular metric of the space of Yi grows at infinity, it is possible that the two theories would
be dual to each other; in order to give more evidence for this one would need to analyze
the RG flow for any specific value of the high-energy metric. Note that the (related) model
of [46] does not suffer from these problems.
4.3. 3d theories on a circle
3d N = 2 gauge theories can have both Coulomb branches, labeled by scalars in vector
multiplets, and Higgs branches, labeled by scalars in chiral multiplets. The geometry of
the Coluomb branch is asymptotically cylindrical, with the angular directions coming from
the dual photons on the moduli space. On the other hand, on the Higgs branch all the
angular directions grow towards infinity. In the 3d theory, the metric and its asymptotic
behavior play no role in the low-energy dynamics.
When we put these theories on a circle, the moduli space and its asymptotic metric
generally retain the same form. Let us define γ = g2r, where g is the 3d gauge coupling.
The asymptotic angular directions on the Coulomb branch can now be described either
using the 3d dual photons, which have (when canonically normalized) a periodicity
√
γ (up
to constants that we will not be interested in), or using the holonomies of the U(1) gauge
fields on the circle, which are T-dual to the dual photon variables, and have periodicity
1/
√
γ. The first description is in terms of chiral multiplets, and the second in terms
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of twisted chiral multiplets, whose zero modes can be viewed as two dimensional vector
multiplets.
In the theory on a circle the metric and its asymptotic behavior play a crucial role
in the low-energy dynamics. As mentioned above, we do not expect the RG flow of the
metric to change the asymptotic behavior when the angular directions remain finite at
infinity. Thus, the IR theories related to the Coulomb branch will be different for the
same theory with different values of g2r; note that this is true already for a free 3d vector
multiplet on a circle, whose IR limit includes a compact scalar with a radius depending on
γ. Clearly, in such cases with non-compact Coulomb branches we cannot expect to have
any IR dualities for the theory on a circle, given that even the same gauge theory has
different IR limits depending on its gauge coupling. Note that the low-energy theory on
Higgs branches is expected to be independent of γ, so this is not a problem for dualities
between Higgs branch CFTs, and we believe that these can still hold in 2d (when both
Higgs and Coulomb branches exist, they decouple in the IR, as we discuss in Section 4.5).
When we take the r → 0 limit, the behavior of the low-energy theory on Coulomb
branches will depend on how we scale g2 in this limit. If γ remains fixed we retain a finite
circle at infinity also in the 2d limit. If γ goes to zero, and in particular when g22d = g
2/r
remains fixed, corresponding to reducing to a 2d gauge theory, the valid description is in
terms of the holonomy, which sits in a 2d vector multiplet (or twisted chiral multiplet)
with an asymptotically flat metric. If γ goes to infinity the 2d limit is best expressed
in terms of the same chiral multiplet parameterizing the Coulomb branch in 3d, whose
angular direction now grows at infinity. When we have two IR dual 3d theories, there is
always one scaling of the 3d metrics that are dual, which corresponds to first flowing to
the CFTs in 3d and only then reducing on a circle, but with this scaling the 2d theory
may be singular. In many cases choosing the canonical UV metric on both sides will not
lead to an IR duality, and in some cases there is even no choice of the UV metric on both
sides that will give the same non-singular theory in the 2d limit
As a first example consider 3d N = 2 pure gauge theories on a circle, starting with
G = SU(2). The 3d N = 2 theory has a runaway superpotential 1/Y in the monopole
variable Y [47], which is a 3d chiral superfield labeling the Coulomb branch. Its asymptotic
metric is a cylinder of radius g in the coordinate X ≡ log(Y ), and it has no supersymmetric
vacuum. The classical moduli space has a Z2 identification coming from the Weyl group of
SU(2), but the variable X does not have any Z2 action (Y is the square of the naive U(1)
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monopole). In the natural dimensionless asymptotic coordinate, X , the superpotential
goes as W = µe−X for some scale µ.
On a circle, at energies below 1/r, we get asymptotically a sigma model on a cylinder
of radius
√
γ, still with the superpotential W = µe−X . It is natural to guess that this flows
to a 2d Liouville theory in the IR, which has the same asymptotic metric and superpotential
(even though the precise metric coming from the gauge theory is different). Note that the
central charge of this IR theory depends on γ.
As we decrease γ it is natural to T-dualize the asymptotic circle, such that we have
a sigma model in terms of a twisted chiral superfield Σ whose imaginary part is asymp-
totically the T-dual of Im(X) (and has periodicity 1/
√
γ). The asymptotic metric of this
sigma model is a cylinder, and there is no twisted superpotential (for any radius of the
circle). The T-duality tranformation is not well-defined close to the origin of Σ, but Σ
itself (containing the holonomy on the circle) is well-defined, and it is natural to guess that
we can describe the theory by a smooth sigma model in this variable, and that the theory
flows to a sigma model on a cigar, which is dual to the Liouville theory of the previous
paragraph. This is qualitatively similar to the flow described in [46].
If we take the 2d limit with γ → 0 the radius of the cigar goes to infinity, so that
we obtain in this limit a free twisted chiral superfield. This agrees with the low-energy
description of the 2d pure SU(2) theory, that was discussed in [6]. In terms of the 2d
twisted chiral multiplet Σ (equivalent to the 2d vector field) the moduli space is asymp-
totically R2/Z2, and we conjectured in [6] that at low energies the singularity is smoothed
out near the origin in the variable Y˜ = tr(Σ2), so that the theory flows (after an infinite
renormalization group time) to a free twisted chiral superfield Y˜ . Note that in this de-
scription the metric flows in a complicated way under the renormalization group flow, and
even changes its asymptotic form. This seems different from our picture of the previous
paragraph where the asymptotics is unchanged. However, the precise relation between Σ
and Y˜ is complicated (even in the asymptotic region); in particular in the 3d theory there
is a Z2 action taking Re(Σ)→ −Re(Σ) and only the region of positive Re(Σ) is kept, while
in the 2d Σ variable the identification is Σ → −Σ and there is no identification on the
coordinate Y˜ . But at low energies for any finite distance on the moduli space we flow to
a free twisted chiral superfield in either of these variables, so they become equivalent.
A similar picture is presumably valid for general G. The theory on a circle may be
described by rank(G) chiral superfields with a runaway superpotential for each of them,
leading to rank(G) copies of Liouville theory with some identifications relating them. For
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a small circle it is more natural to T-dualize this to rank(G) twisted chiral superfields with
a complicated metric, and as γ → 0 this presumably flows to rank(G) free twisted chiral
superfields. This is also the expected low-energy description for the 2d pure SYM theory.
4.4. Additional examples
a. The duality of U(1)−1/2 to single chiral superfield
In the first example of Section 3.1 we discussed the reduction on a circle of the duality
between the 3d U(1)−1/2 theory and the 3d theory of a free chiral superfield. We saw that
for a generic FI parameter (mass on the free chiral side) this leads to the 2d Hori-Vafa
duality [29] between the Landau-Ginzburg model (3.2) and a free 2d chiral superfield.
However, when m→ 0 we obtain on both sides a non-compact theory with a contin-
uous spectrum, and we need to be careful about the Ka¨hler potential. If we start from a
finite 3d gauge coupling g and reduce to two dimensions, the 3d D-term 1g2 |Σ|2 becomes,
in terms of X defined in Section 2.3,∫
d2x
∫
d4θ
1
4π2g2r
|X |2. (4.7)
If we define a dimensionless parameter γ = g2r and hold this finite as r → 0, then
this action, together with the twisted superpotential (3.2), gives (for ζ = 0) the N = 2
supersymmetric Liouville theory, in which the asymptotic metric is a cylinder. (This is
also what we get at low energies for finite r.) This theory depends on γ, and for all finite
values of γ it is not dual to a free chiral, but rather to an SL(2,R)/U(1) coset model at
level k = 2π2γ [48,46], or equivalently, to a sigma model on a cigar with asymptotic radius
proportional to 1√
γ
. For any other scaling of g we do not get a finite Ka¨hler potential for
X in the limit in which its superpotential (3.2) is finite. On the other hand, on the free
chiral side there is no problem in scaling the Ka¨hler potential to remain finite as r → 0.
Let us see what went wrong with the naive argument. We started with the 3d theory
at finite g, which is not exactly dual, but only IR dual, to a free chiral. The operations
of flowing to the IR and reducing on S1r evidently do not commute. In 3d, for Re(Σ)≫ g
the metric is flat in Σ and not in the natural Coulomb branch coordinate V+ which maps
to the free chiral field, and it has the geometry of a cigar with asymptotic radius g. In
three dimensions this is still a free field theory in the IR at any point on the Coulomb
branch, because the 3d metric on the moduli space is irrelevant in the IR. However, when
we reduce to 2d, for any value of r we get a 2d sigma model on this cigar rather than a
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free scalar field, since the 2d metric is classically marginal and must be included in the IR
description, consistent with the discussion above. The bottom line is that the reduction
from 3d does not directly lead to the 2d Hori-Vafa duality [29], for any choice of the 3d
Ka¨hler potential. It may or may not be possible to choose a 2d Ka¨hler potential for (3.2)
that would lead to a 2d duality.
One way to rectify this is to use the proposal of [49] for a 3d dual of Theory A (the
U(1)−1/2 theory) at finite g, namely along the full renormalization group flow, not just at
the IR fixed point. Then, as shown in [18], carefully reducing the all-scales dual theory B
with some fixed value of γ, one finds the description proposed in [46] for a theory which
flows to the SL(2,R)/U(1) coset model at level k = 2π2γ, which is known to be dual to
the N = 2 Liouville theory.
b. SU(Nc) and USp(2Nc) dualities
In Section 3.4 we discussed the reduction of the 3d duality between SU(Nc) theories
with Nf fundamental and Na anti-fundamental flavors to 2d, and we argued that for
Na < Nf − 1 the reduction implies that the same duality should hold also in 2d. The
reduction indeed implies a duality of the mass-deformed theory with discrete vacua, and
a matching of the S2 partition functions, but, as discussed above, it does not necessarily
imply a 2d duality of the massless theories.
The matching of the elliptic genus gives an independent check of the 2d duality, as
it does not come from a limit of a 3d partition function. We have computed the elliptic
genera on the two sides and found agreement only when
Na < Nc < Nf −Na . (4.8)
The failure of the duality for other values of Na is directly related to the issues with
non-compact branches that we discussed above.
The 3d theories that we started from, with 0 ≤ k < (Nf −Na)/2, have no Coulomb
branches, since there is always an effective CS term on these branches. Note that the 2d
SU(Nc) theories do have non-compact Coulomb branches, but since these branches do not
arise from a reduction of the 3d Coulomb branches, the problems mentioned above with
the reduction of dualities with non-compact Coulomb branches do not arise. However,
when (say) Na ≥ Nc, the 3d SU(Nc) theory has a non-compact branch on which anti-
baryonic Q˜Nc operators obtain vacuum expectation values. The D-terms imply that such
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vacuum expectation values must come together with expectation values for the vector
multiplet scalars, such that these branches are really mixed Higgs-Coulomb branches, and
the asymptotic metrics on these branches lead to problems after the reduction, just like in
the examples discussed above. Thus, we believe that the duality only holds in 2d when the
additional condition (4.8) is satisfied; in other cases it does not work because of different
asymptotic behaviors of the metric on this non-compact branch. This is consistent with
the behavior of the elliptic genera.
A similar discussion applies for the USp(2Nc) theories discussed in Section 3.4. In
3d, for 2Nf odd, the Coulomb branch is lifted, and so we expect the duality to reduce to
two dimensions. Indeed, we saw above that this reduces to the duality of [38], and one
can check that the elliptic genus matches across this duality. However, for 2Nf even, the
situation is more subtle. If k = 0, there is an unlifted Coulomb branch, which maps across
the duality to a singlet chiral field, and as above we expect the metrics on the two sides
of the duality to differ when we put the theories on a circle and go to two dimensions.
And for k > 0 we found that the reduction of the 2d duality includes the Hori-Vafa duality
which has the issues discussed above. Thus, the 3d duality does not imply a 2d duality, and
indeed, the elliptic genera fail to match. However, since we expect the Higgs and Coulomb
branches to flow to two decoupled CFTs (as we discuss in more detail below), we may
still conjecture a duality between the Higgs branches, even when 2Nf is even. It would be
interesting to gather further evidence for this duality, e.g. by isolating the contribution of
each branch to the elliptic genus.
4.5. Theories with multiple non-compact branches
Additional issues arise in theories which have more than one non-compact branch in
their moduli space. When there are two (or more) non-compact unlifted branches that
classically intersect (say) at a point at the origin, there are two possibilities. One is that
the branches join together smoothly, and that there is a single CFT describing all the
non-compact regions. The other is that the branches split into a direct sum of separate
CFTs at low energies, and that a semi-infinite throat develops in the target space of each of
these CFTs near the origin due to quantum effects. This possibility is believed to happen
in N = (4, 4) supersymmetric gauge theories [3,4], and it can happen also in N = (2, 2)
theories; a famous example is the gauged linear sigma model for the conifold. In such
a case we obtain a discrete sum of different CFTs at low energies, and IR dualities may
relate some or all of these different CFTs. Note that this discrete sum which arises in 2d
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theories should be distinguished from the one discussed above that arises in r → 0 limits
of d = 3 theories, though the practical consequences of the two situations are similar.
In the case of a theory which flows to an IR fixed point with multiple branches ap-
pearing in a direct sum, the S2 partition function will, a priori, be a sum of contributions
from these summands. However, because of the prefactor (lΛUV )
c/3 in (4.1), as we take
the UV cutoff to infinity only the contribution from the term (or terms) with the largest
value of c survives.
The elliptic genus will also be a sum of contributions from these summands. Unlike
the S2 partition function, since there is no divergent prefactor in the elliptic genus, these
may contribute with equal weight. In the previous section we saw that in the y → 1 limit
the elliptic genus of SU(2) with an even number of flavors receives an integer contribution
from the Higgs branch, plus −1
2
from the Coulomb branch, whenever it exists; we expect
the two branches to decouple in the IR when both exist. In general it may be difficult to
separate the elliptic genus into contributions from the various summand theories.
As in N = (4, 4) theories, one way to argue for an IR splitting of branches is by
computing the central charge of the CFT associated with each branch, using its asymptotic
region (in particular this can easily be done when the asymptotic metric is flat). If different
branches have different central charges then they cannot be part of a single CFT. Note
that for non-compact CFTs there is no c-theorem that can be used to control these flows.
Another argument involves the U(1)R currents; an IR SCFT must have left-moving
and right-moving U(1)R currents that are part of the superconformal algebra. These
currents must be well-defined local operators, so they cannot rotate angular directions that
grow in asymptotic regions of the moduli space. Assuming that the U(1)R symmetries are
visible in the UV, this can be used to identify the U(1)R symmetries in the IR SCFTs
describing the different branches, and if these differ between branches then again each
branch must belong to a separate IR CFT. This argument is less rigorous since it can
be bypassed by additional R-symmetries appearing in the IR. In addition, as we discussed
above, the RG flow can change the asymptotic form of the metric, though we do not expect
it to take angular directions that grow at infinity to directions that do not grow at infinity.
Splittings of branches are common in gauge theories that have more than one non-
compact branch, but they can also happen in Landau-Ginzburg models. As an example,
consider the theory of three massless chiral superfields with a W = XY Z superpotential.
The classical supersymmetric vacua are at X = Y = 0 for any Z and permutations of this,
giving three one-complex-dimensional branches that meet at the origin X = Y = Z = 0.
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The physics near the origin is strongly coupled at low energies, but far from the origin
we have at low energies just one free massless field, so we expect each branch to describe
a one-complex-dimensional sigma model on an asymptotically flat space. One may think
that at low energies there would be a single CFT describing all three branches. However,
the UV theory has one vector-like U(1)R symmetry and two additional vector-like U(1)
global symmetries (there is also an axial U(1)R symmetry that does not act on the bottom
components of the chiral superfields). On each branch one can find combinations of these
symmetries that give a U(1)R that does not act by rotating the asymptotic region, but
there is no U(1)R that does not act on the asymptotic regions of all the branches. Thus,
assuming that there are no accidental vector-like symmetries arising that do not act on any
of the branches, and that the RG flow does not significantly change the asymptotic form
of the metric, one expects each branch to flow at low energies to a separate SCFT, namely
the strong coupling physics near the origin separates the three branches. This behavior
was also observed in other LG model examples in [50].
As discussed in Section 3.2, a naive reduction from 3d would imply that this 2d theory
is dual to an LG model of a single twisted chiral superfield with the superpotential (3.12).
This duality holds for finite values of ζ and m, but the discussion above implies that it
must fail when both ζ andm are taken to zero and the XY Z model develops three separate
branches. Even when just a single non-compact branch arises, the duality already has the
Ka¨hler potential problem discussed in the first example of the previous subsection, but the
problem becomes even worse when both ζ and m vanish.
As an example of a N = (2, 2) gauge theory which exhibits a splitting of its branches,
consider the 2d SQED theory with Nf massless chiral superfields Q of charge (+1) and
Nf massless chiral superfields Q˜ of charge (−1), with Nf > 1 (for Nf = 1 this theory
was analyzed in [6]). There is a specific value of the theta angle, θ = πNf , for which the
Coulomb branch of this theory is not lifted (for a vanishing FI parameter), and it can then
be parameterized by the twisted chiral superfield Σ. The theory also has a Higgs branch of
dimension (2Nf−1). Both branches are asymptotically flat in appropriate coordinates (the
coordinate Σ for the Coulomb branch, and the coordinates Q and Q˜ divided by complex
gauge transformations for the Higgs branch). The RG flow in this case is believed to
significantly change the asymptotic form of the metric on the Higgs branch, but not the
number of non-compact dimensions and the symmetries acting on them. Assuming this, it
implies that if the gauge theory flows to conformal field theories then the Coulomb branch
CFT has cˆ = 1 and the Higgs branch CFT has cˆ = 2Nf − 1. As in [4], the fact that these
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central charges are different means that the two SCFTs must form a direct sum, with an
infinite throat connecting them, as in the N = (4, 4) SQED theory.
By analogy with the N = (4, 4) case, a simple conjecture for the theory in the ‘throat’
is that it is a sigma model on a semi-infinite cylinder. This is suggested by a one-loop
computation of the metric on the Coulomb branch, which gives a behavior near the origin
of |dΣ|2/|Σ|2, though higher order corrections that modify this form are generally expected
(the perturbative expansion on the Coulomb branch is in powers of e2/Σ2). One argument
for this form is that it also arises as an effective theory near the origin of the Higgs branch
by integrating out the charged chiral multiplets in the region Σ→∞, as in [51], and in that
description there are no higher order corrections to the metric (the perturbative expansion
in this effective theory near the origin of the Higgs branch is in powers of dΣ/Σ2). As in
the N = (4, 4) case, one expects to have different linear dilatons in the ‘throat’ from the
point of view of the Higgs and Coulomb branches, that give rise to the appropriate central
charges. In other words, the energy-momentum tensors in the different throats are related
by an ‘improvement term’. In this case, from the point of view of the Coulomb branch
there is no linear dilaton in the throat, while in the Higgs branch with Nf > 1 one expects
the dilaton to grow towards the origin.
Upon turning on an FI term, the Coulomb branch is lifted, and one expects also the
‘throat’ of the Higgs branch to be lifted. In the Σ variable this is described by turning on
a Liouville-like twisted superpotential that removes the region near the origin (the twisted
superpotential is W = tΣ, but since the variable in the ‘throat’ that has a canonical
metric is proportional to log(Σ), this is a Liouville superpotential). The natural variables
describing the Higgs branch are chiral superfields M = QQ˜, and in these variables the
same deformation is described by smoothing out the geometry of the Higgs branch near
the origin; in the ‘throat’ these variables are T-dual to the Σ variable, so this is a special
case of the cigar/Liouville duality.
Similarly, when turning on masses for the chiral multiplets, the Higgs branch is lifted
and so is the Coulomb branch ‘throat’, leading to a smooth sigma model on the Coulomb
branch. In this case there is again a Liouville twisted superpotential in this ‘throat’ near
the origin in the Σ variable. The twisted superpotential (which can be computed) now
behaves for small Σ as Σ2, and the canonically normalized variable is now proportional to
(− log(Σ)).
Above we argued that 3d dualities with non-compact Higgs branches could lead to 2d
dualities if their asymptotic metrics have the same IR limit, but that this does not happen
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for non-compact Coulomb branches. In the cases where both exist, it seems plausible that
the Higgs branch CFTs would still be dual, but compared to our previous discussion there
is also the extra requirement that the asymptotic metrics in the throats also have the same
IR limit, and not just the asymptotic metrics at infinity.
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Appendix A. Background and definitions
In this appendix we review general rudimentary facts about two dimensional and three
dimensional theories with four supercharges, which we will use in this paper, in order to
fix our notations and conventions.
A.1. Two dimensional N = (2, 2) supersymmetric field theories
Our conventions follow those of [52]. Supersymmetric Lagrangians include the usual
Ka¨hler potential for chiral superfields and for twisted chiral superfields. For Abelian the-
ories the vector superfield can be rewritten in terms of a gauge-invariant twisted chiral
superfield Σ. In particular, the integration over superspace of − 14e2ΣΣ¯ gives the standard
kinetic terms for the vector multiplet. One can also write down superpotentials for chiral
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superfields, and similarly twisted superpotentials for twisted chiral superfields. A special
case is a twisted superpotential that is linear in Σ, with a coefficient t = rˆ + iθ. In the
two dimensional action rˆ multiplies D and is the Fayet-Iliopoulos (FI) parameter, while θ
multiples F01 and it is a two dimensional periodic theta angle.
Many of the 2d N = (2, 2) theories we will analyze will be gauge theories (Abelian
or non-Abelian), whose low-energy dynamics (at least in the region of large expectation
values for the scalars in the vector multiplets) may be described by an effective twisted su-
perpotential for the twisted chiral superfields Σi related to the vector superfields (including
superfields in the Cartan of any non-Abelian groups). This effective twisted superpotential
may be computed exactly at one-loop order. If the theory has chiral superfields Φa with
charges Qia under the i’th U(1) gauge symmetry, and twisted masses Ma which can be
viewed as the scalars in background vector multiplets coupled to global symmetries, then
the effective twisted superpotential is
W =
∑
i
tiΣi +
∑
a
W(2d)χ (
∑
i
QiaΣi +Ma), (A.1)
where the first term is the contribution of 2d FI parameters, which are only included for
Abelian factors of the gauge group, and the contribution of a single charged chiral multiplet
is:
W(2d)χ (Σ) = Σ(log(Σ/µ)− 1) , (A.2)
where µ is a dynamical scale. Note that charged vector superfields do not contribute to
(A.1).19 Also, note that Σ is not an unconstrained twisted chiral field, because its F -term
contains the field strength, Fµν , whose flux is quantized. As discussed for instance in [24],
we may account for this by summing over all branches of the twisted superpotential related
by W → W + 2πiniΣi, ni ∈ Z. Note that this makes (A.2) well-defined, as the branch
cuts of the logarithm simply take us to another branch of W.
Discrete supersymmetric vacua are then given by the solutions of
∂W
∂Σi
= ti +
∑
a
Qia log(
∑
j
QjaΣj +Ma) = 0 (mod 2πiZ), (A.3)
19 More precisely, the vector superfields may contribute an effective FI parameter to W [53].
For the theories considered in this paper, this term is either trivial, or may be absorbed into a
redefinition of the UV FI parameter. We expect it may be relevant, however, when one considers
so(N) gauge theories. We thank O. Bergman for discussions on this point.
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where the modulo corresponds to a change of branch. This can be conveniently expressed
as
exp
(
∂W
∂Σi
)
= eti
∏
a
(
∑
j
QjaΣj +Ma)
Qia = 1, (A.4)
which gives a system of polynomial equations in the Σj . Following [19,6], when the gauge
group is non-Abelian, we exclude solutions which are not acted on freely by the Weyl
symmetry, as these lead to supersymmetry breaking configurations.
The twisted superpotential can also be naturally defined for higher dimensional sys-
tems compactified to effectively 2d N = (2, 2) systems. In the main text we discuss the
case of 3d N = 2 theories on a circle. See [9,10,12] for more examples and details.
There are two interesting types of supersymmetric partition functions in two dimen-
sions that we use in this paper – the elliptic genus and the sphere partition function.
Let’s assume that a supersymmetric theory has a left-moving U(1)R symmetry JL,
and additional Abelian global symmetries with charges Kj (these may be charges in the
Cartan of non-Abelian global symmetries). The elliptic genus of the theory is defined as a
trace over the Ramond-Ramond sector (the sector with periodic boundary conditions for
the fermions) of the Hilbert space of the theory on a circle as
Z(τ, z, u) = TrRR
(−1)F eπiτ(H+iP )e−πiτ¯(H−iP )e2πizJL∏
j
e2πiujKj
 , (A.5)
where H is the Hamiltonian and P is the momentum along the circle. Alternatively, it
may be defined as a twisted path integral of the Euclidean theory on a torus with complex
structure τ . When viewed (through the state/operator correspondence) as a sum over
operators, only right-handed-chiral operators contribute to the sum.
The elliptic genus (A.5) does not change under a renormalization group flow, so if we
have some gauge theory that flows to a superconformal theory, we can compute the elliptic
genus of this SCFT in the free high-energy theory. The only subtle issue is that to do this
we have to identify the correct U(1)R symmetry that becomes part of the superconformal
algebra at low energies; assuming that there are no accidental R-symmetries, this can be
done by c-extremization [54]. Once this is known, the elliptic genus of a gauge theory can
be computed in many cases [2]; it is essentially given by a one-loop computation (from the
point of view of the partition function on a torus).
Another type of supersymmetric partition function which was studied more recently
is the partition function on a two-sphere S2. There are several ways to compactify an
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N = (2, 2) theory on S2 while preserving some supersymmetry. These all require the
existence of an R-symmetry; some require a vector-like U(1)R, and others (related by
mirror symmetry) an axial U(1)R. We will only use the coupling that utilizes the vector-
like U(1)R, and without R-symmetry flux,
20 since we will be interested in theories that
have (at high energies) a vector U(1)R but not necessarily an axial U(1)R. In particular,
this coupling appears when reducing the 3d S2×S1 supersymmetric partition function on a
circle. In this method, in order to define the theory on a round S2 one turns on only one of
the scalars in the background supergravity multiplet (in addition to the S2 metric), while
on a squashed S2 (which gives the same partition function) one turns on also a background
U(1)R field, but with zero total flux. If we consider a (non-)Abelian gauge theory coupled
to charged chiral superfields, its partition function on S2 can be computed via localization
as shown in [33,55,30].
The S2 partition function includes a contribution from all chiral multiplets in the
theory, as well as from the twisted superpotential. To treat these in a unified way, it is
useful to define functions
W(±)
S
2 (Σi, ma, Yα, Xβ), (A.6)
where Σi and ma are (the bottom components of) the gauge multiplets and of the vector
multiplets coupled to the global symmetries, respectively, and Yα and Xβ are, respectively,
dynamical and background twisted chiral fields. The S2 partition function, normalizing
the radius of S2 to one, is then a function of the background fields, and is given by an
integral over constant values of the dynamical fields:
Z
S
2(ma, Xβ) =
1
|W |
∫ ∏
i
dΣidΣ¯i
π
∏
α
dYαdY¯α
π
exp
(
W(+)S2 (Σi, ma, Yα, Xβ)−W(−)S2 (Σ¯i, m¯a, Y¯α, X¯β)
)
.
(A.7)
Here |W | is the order of the Weyl group of the gauge group. More precisely, the gauge
multiplets, such as Σi, contain the field strengths, and so are subject on S
2 to a quantization
condition, Σi + Σ¯i ∈ Z, so the notation
∫
dΣidΣ¯i refers to a real integral and a sum over
Z.
20 The second one was discussed in [55,56,57]. In addition, one may consider the topological
twist (A- or B-model), where one turns on an R-symmetry flux.
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It remains to provide the definition of the functions W(±)
S
2 (Σ, m, Y,X). These receive
contributions from the various ingredients defining the UV theory. The bare, UV twisted
superpotential, WUV (Σi, ma, Yα, Xβ), contributes as:
W(±)
S
2 = · · ·+WUV (Σi, ma, Yα, Xβ). (A.8)
We also have the option to turn on a supersymmetric dilaton background, which is a func-
tion, ΩUV (Σ, m, Y,X), of the twisted chiral fields, and contributes to W(±)S2 with opposite
signs:
W(±)
S
2 = · · · ± ΩUV (Σi, ma, Yα, Xβ). (A.9)
Note that under a change of twisted chiral variables, Y → Y ′(Y ), a Jacobian is induced
which contributes to the dilaton background as:
ΩUV → ΩUV − log(∂Y
′
∂Y
). (A.10)
Finally, a single chiral multiplet of R-charge ∆ coupled to a gauge multiplet Σ (including
dynamical and background fields) contributes:
W(±)
S
2 = · · · − log
(
Γ(
1
2
+ Σ± 1−∆
2
)
)
. (A.11)
We can think of W(±)
S
2 as a curved space analogue of the flat space effective twisted super-
potential. In particular, note that if we take Σ→∞, so that the scale of Σ is much larger
than the scale of the curvature of S2, we find:
− log
(
Γ(
1
2
+ Σ± 1−∆
2
)
)
−→
Σ→∞ Σ(log(Σ)− 1)±
1−∆
2
log(Σ) + · · · , (A.12)
reproducing the flat space effective twisted superpotential (A.2) of a chiral multiplet, as
well as a contribution to the dilaton background.
A.2. Three dimensional theories with N = 2 supersymmetry
Our conventions for three dimensional theories with N = 2 supersymmetry in flat
space follow those of [27]. In addition to the usual 4d multiplets, the theory can include
linear multiplets Σ˜,21 satisfiying D2Σ˜ = D¯2Σ˜ = 0, which contain conserved currents. An
21 We write these with a tilde to distinguish them from the twisted chiral field strength multiplet
Σ in two dimensions.
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important example is the field strength multiplet, Σ˜V = ǫ
αβDαD¯βTr(V ), which contains
the conserved current ⋆Tr(F ). Such a conserved current arises for each U(1) factor in the
gauge group, and we refer to this global symmetry as a U(1)J topological symmetry.
There are two types of parameters appearing in the action that will be important
when we consider reduction to two dimensions. First, for each simple or U(1) factor of
the gauge group we choose a gauge coupling g. Second, for each global symmetry, we can
couple a background vector multiplet Σ˜BG for which we turn on a constant VEV M for
the real scalar σBG. We refer to these as real mass parameters. For example, for a free
chiral Φ and the U(1) symmetry acting on it, this enters as a mass term (after integrating
out the auxiliary fields):
Lm =
∫
d4θΦ†eMθθ¯Φ =M2|φ|2 + iMǫαβψ†αψβ. (A.13)
The real mass corresponding to a U(1)J global symmetry is a Fayet-Iliopoulos term for
the corresponding U(1) gauge group factor. We can also add a Chern-Simons (CS) term
for each vector multiplet, whose normalization is quantized in order to ensure invariance
under large gauge transformations.
a. The three dimensional index
In three dimensions a useful partition function which we will utilize in our computa-
tions is the supersymmetric index, which is identical to a partition function on S2 × S1.
The 3d supersymmetric index [58-61] for a 3d N = 2 theory is defined as
I({ua, ma};q) = TrH{ma}
[
(−1)2J3q 12 (E+J3)
∏
a
uFaa
]
. (A.14)
Here H{ma} is the Hilbert space of the theory on S2 with background fluxes for global
symmetries, parametrized by ma, on the S
2. E is the energy of the state on S2 (which,
in the conformal case, is the same as the dimension of the corresponding operator), R is
the R-charge, J3 is the Cartan generator of SO(3) rotations of S
2, and Fa are charges for
global symmetries.
This index can be evaluated by performing the path integral on S2 × S1, which can
be computed by localization. In this interpretation the ua are the holonomies around the
circle for background gauge fields for the global symmetries, and the index is an integral
over holonomies zi for the dynamical gauge fields, and a sum over their fluxes ni. For
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convenience the radius of S2 will be set to one, and we will denote the radius of S1 in
these units (namely, the ratio of the two radii) as τ . The radius τ enters explicitly in the
expressions for the partition functions through q = e−τ .
It will be useful to write the index in a way which makes the connection to the S2
partition function more transparent. In particular, we may think of the S2 × S1τ partition
function as a particular example of the S2 partition function, where we happen to be
studying a 2d theory with infinite towers of fields, namely, the 3d theory compactified on
S
1
τ . Then, as in (A.7), we may write the index as:
Z
S
2×S1τ
(ma) =
1
|W |
∫ ∏
i
dΣidΣ¯i
π
exp
(
W(+)
S
2×S1τ
(Σi, ma)−W(−)
S
2×S1τ
(Σ¯i, m¯a)
)
. (A.15)
Note the following differences from the 2d case. First, there are no twisted chiral fields
apart from the vector multiplets Σ and m. Also, large gauge transformations around S1τ
now identify Σ ∼ Σ+2πiτ−1. To relate this to the usual z,n that are summed over in the
index, we write:22
eτΣ = (eπiq)−n/2z, eτΣ¯ = (e−πiq)−n/2z−1 , (A.16)
where the quantization condition of Σ + Σ¯ ∈ Z imposes n ∈ Z. A similar mapping holds
for the background fields for global symmetries; below we include these inside Σ.
As in 2d, the functions W(±)
S
2×S1τ
are built from the various ingredients in the UV
action. A Chern-Simons term contributes:23
W(±)
S
2×S1τ
= · · ·+ 1
2
kτΣ(Σ+
2πi
τ
), (A.17)
while a chiral multiplet of R-charge ∆ contributes:
W(±)
S
2×S1τ
= · · · − log
(
(eτΣq1∓(1−∆);q)
)
, (A.18)
where (z;q) ≡∏∞j=0(1− zqj).
As with the S2 partition function, we may think ofW(±)
S
2×S1τ
as a curved space analogue
of the effective twisted superpotential of a 3d theory on R2 × S1τ . Namely, we see that
22 The eipi factor here is related to the subtleties with definition of (−1)F in presence of magnetic
fluxes. We use the notations of [1].
23 In addition, contact terms involving the R-symmetry contribute to the dilaton background
in a similar way.
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the Chern-Simons contribution (A.17) agrees with that of the flat space theory (2.3) for
τ = 2πr, and if we take Σ large in (A.18) then, using [24]:
(qz;q) ∼ exp
(
−
∞∑
ℓ=0
τ ℓ−1Bℓ
ℓ!
Li2−ℓ(z)
)
, (A.19)
where Bℓ are the Bernoulli numbers, we find:
W(±)
S
2×S1τ
3d chiral
(Σ) −→Σ→∞
1
τ
Li2(e
−τΣ)± 1−∆
2
log(1− eτΣ) + · · · . (A.20)
This reproduces the flat space effective twisted superpotential of a 3d chiral multiplet, with
an additional contribution to the effective dilaton.
Finally, we note that the index of a 3d chiral multiplet can be written as the S2
partition function of an infinite number of 2d chiral multiplets, corresponding to the KK
modes. Properly regulating and normalizing the infinite product over the KK modes this
can be written as (denoting z = eiτζ for the U(1) background field):
I∆(z,m;q) =
(
q
1−∆
2 z−1
)m/2 (z−1q+m/2+1−∆2 ;q)
(zq+m/2+
∆
2 ;q)
=
e
− 2
τ
(
Li2
(
e
−iτ(ζ+∆−12 i)
)
−π26
)
ime−π(ζ+
∆−1
2 i)− 12 τ(ζ+∆−12 i)
2×
∞∏
ℓ=1
ime∆−1−2iζ−
4iπℓ
τ
(
∆− 1
2
i+ ζ +
2πℓ
τ
)1−∆+2iζ+ 4iπℓ
τ
Z(∆, ζ +
2π ℓ
τ
,m)
∞∏
ℓ=0
(−i)me∆−1−2iζ+ 4πiℓτ
(
−∆− 1
2
i− ζ + 2πℓ
τ
)1−∆+2iζ− 4πiℓ
τ
Z(∆, ζ − 2π ℓ
τ
,m) .
(A.21)
Here I∆ is the index of a chiral field of R-charge ∆ in 3d,24 and the S2 partition function
of a chiral field of R-charge ∆ in two dimensions is
Z(∆, γ,m) =
Γ(∆2 − iγ − m2 )
Γ( 2−∆2 + iγ − m2 )
.
γ is a twisted mass parameter for the U(1) under which the field is charged, and m is its
flux.
24 Note that here for brevity insice the Pochhammer symbols we dropped the factors of (−1)m
which are needed with proper definition of the fermion number [62][1].
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Appendix B. Details of reductions
In this appendix we spell out the details of some of the reductions of 3d theories and
dualities discussed in Sections 2 and 3.
B.1. Reduction of USp(2Nc) theories
Consider the 3d USp(2Nc) theory with Nf flavors (2Nf fundamentals) and Chern-
Simons level k, where the quantization condition is k +Nf ∈ Z, and we take k ≥ 0. One
can write the twisted superpotential for this theory similarly to the U(Nc) case discussed
in Section 2.4, and one finds that the vacuum equations are:
2Nf∏
a=1
(xjνa − 1) = xj2k
2Nf∏
a=1
(νa − xj) . (B.1)
We must solve this for each xj , j = 1, · · · , Nc. The Weyl symmetry acts as permutations
of the xj and flips xj → x−1j . We must pick the xj so that none of them are related by this
Weyl-symmetry, nor fixed by it. The polynomial equation above has 2(k +Nf ) solutions.
Note that xj = ±1 are always solutions, and we should exclude these. The remaining
solutions come in pairs related by xj → xj−1, so there are k +Nf − 1 Weyl-inequivalent
solutions. Thus the number of vacua is:
Nvac =
(
k +Nf − 1
Nc
)
. (B.2)
Now let us consider the reduction to 2d with fixed masses. As in the U(Nc) case, if we
take rΣj finite, we find, to leading order, the twisted superpotential for the 2d USp(2Nc)
with Nf flavors. The vacuum equation in 2d is:
2Nf∏
a=1
(Σj +ma) =
2Nf∏
a=1
(−Σj +ma) . (B.3)
This has 2Nf solutions when 2Nf is odd, but only 2Nf − 1 when 2Nf is even, since the
leading term in the polynomial cancels. One of these solutions is zero, which we exclude
as it leads to residual gauge symmetry, and the remaining ones come in pairs related by a
sign. So for odd 2Nf we have (2Nf − 1)/2 solutions, and for even 2Nf , Nf − 1 solutions.
However, in the 3d theory on a circle we found (k+Nf − 1) physical solutions to the
corresponding equation, so we must find the remaining ones. If we assume that xj is a
finite distance from 1 as r → 0, then (B.1) becomes approximately:
(xj − 1)2Nf = xj2k(1− xj)2Nf . (B.4)
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This has 2Nf solutions near xj = 1, and 2k additional solutions with xj
2k = (−1)2Nf :
xj =
{
e2πin/(2k), 2Nf even
e2πi(n−
1
2 )/(2k), 2Nf odd
n = 0, 1, 2, · · · , 2k − 1 . (B.5)
Let us consider the behavior when 2Nf is odd or even separately.
a. 2Nf odd
For 2Nf odd, one of the additional 2k solutions is the unphysical x = −1, and the
others come in pairs, so we have (2k − 1)/2 extra solutions with Σj of order r−1. These
combine with the (2Nf − 1)/2 solutions above, with Σj finite, to give give all (k+Nf − 1)
physical solutions. As in the U(Nc) case, we can choose (Nc − ℓ) of the eigenvalues from
the additional (2k − 1)/2 solutions, which contribute a trivial decoupled sector, and the
remaining ℓ contribute an USp(2ℓ) theory. Thus we find that the 2d theory is given by a
direct sum:
USp(2Nc)k, 2Nf odd →
min(Nf− 12 ,Nc)⊕
ℓ=max(0,Nc−k+ 12 )
(
k − 1
2
Nc − ℓ
)
USp(2ℓ)Nf (B.6)
b. 2Nf even
In the case k = 0, all of the valid solutions to (B.1) descend to solutions of (B.3), and
so the 3d USp(2Nc) theory reduces to the 2d USp(2Nc) theory without any additional
sectors. For 2Nf even and k > 0, of the 2k solutions (B.5) we should not count the one
with n = 0 as it violates our assumption that xj is not near 1, and the one at xj = −1
is also unphysical, so we have (k − 1) additional physical solutions. Recall that we only
found (Nf − 1) physical solutions to (B.3) in this case. Thus we are missing a physical
solution to (B.1), which approaches 1, but is not captured by (B.3). We claim that the
solution scales as Σj ∼ r−1/2. Let us write Xj =
√
2πrΣj , and expand the effective twisted
superpotential to leading order in r. We find:
W = kXj2 + 2
( 2Nf∑
a=1
ma
)
log(Xj) . (B.7)
Thus we have two equivalent vacua sitting at Xj = ±i
√∑
ama
k , or:
Σj = ±i
√∑
ama
2πrk
. (B.8)
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We can define Xj =
1√
k
eYj/2, and we find (up to a constant):
W = eYj + Yj
2Nf∑
a=1
ma . (B.9)
This twisted LG model is related by the Hori-Vafa duality [29] to a chiral superfield with
mass
∑2Nf
a=1 ma.
To summarize, as r → 0, the physical solutions for Σj behave as:
• (Nf − 1) solutions have Σj finite, given by the solutions of (B.3);
• (k − 1) solutions have Σj of order r−1, the top line in (B.5) for n 6= 2k;
• The remaining solution sits at Σj of order r−1/2, given by (B.8).
Thus when we choose Nc eigenvalues, we have the following ways of distributing them:
• (Nc − ℓ) are among the k − 1 solutions of order r−1, and the remaining ℓ are finite.
This gives an USp(2ℓ) theory plus a decoupled sector.
• (Nc − ℓ− 1) are among the k − 1 solutions of order r−1, one is of order r−1/2, which
gives the LG model in (B.9), and the remaining ℓ are finite.
This leads to the following direct sum of theories in 2d:
USp(2Nc)k, 2Nf even →
( min(Nf−1,Nc)⊕
ℓ=max(0,Nc−k+1)
(
k − 1
Nc − ℓ
)
USp(2ℓ), Nf
)
⊕( min(Nf−1,Nc)⊕
ℓ=max(0,Nc−k)
(
k − 1
Nc − ℓ− 1
)
USp(2ℓ), Nf + LG model
)
.
(B.10)
As discussed in the main text, this only holds at the level of the massive theory, and
we must be more careful when we consider the precise low-energy CFTs.
B.2. Duality appetizer
Let us consider in more detail the reduction of the gauge theory appearing in the
duality appetizer, discussed in Section 3.4. Theory A is an SU(2) theory with an adjoint
chiral multiplet Φ and CS level 1. The vacuum equation is:
(x2ν − 1)2 = x2(ν − x2)2, (B.11)
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where x = e2πrΣ and ν = e2πrm are the gauge and flavor symmetry parameters, respec-
tively. This has solutions x = ±1, which we exclude, as well as:
x2 =
1
2
(ν2 + 2ν − 1± (ν + 1)
√
(ν + 3)(ν − 1)). (B.12)
The choices of ± are related by x → x−1, and so are Weyl-equivalent, but we also have
two choices of sign in taking the square root of the whole expression. These are related by
a gauge transformation which is single-valued in SO(3) but not SU(2), and so these are
physically inequivalent.
Recall that the duality appetizer relates this to theory B that is a free chiral M ,
which we identify with Tr(Φ2), tensored with a decoupled topological sector, U(1)k=2.
This decoupled sector contributes exactly the two states we need to match the SU(2) side.
Next let us study the behavior of this theory upon reduction to two dimensions. If we
hold the twisted mass m of the adjoint chiral finite, so that ν = e2πrm approaches 1, we
find the solutions behave as:
Σ ≈ ±i
√
m
2πr
,
i
2r
± i
√
m
2πr
. (B.13)
The choices of ± are related by Weyl-symmetry, but the shift by i2r gives two physically
distinct vacua.
Let us focus on the first vacuum; the second is essentially the same. We claim that we
find a regular 2d limit provided that we rescale Σ by r1/2 to describe the theory in a regular
way. Thus we define X =
√
2πrΣ, and we can derive the effective twisted superpotential
for X to leading order in r as:
W = 2m log(X) +X2. (B.14)
If we define X = eY/2,25 this becomes:
W = mY + eY . (B.15)
This can be Hori-Vafa-dualized [29] into a chiral multiplet of mass m. In addition to the
dual of Y , there is another chiral multiplet, coming from the Cartan component of the
adjoint chiral, which also has mass m. The above analysis is not sufficient to determine
25 This change of variables can be justified by studying the limit of the effective dilaton, as
described in Section 2.5.
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their interaction, but it should be such as to restrict the naive U(1)2 symmetry which acts
on them to a single U(1), under which they both have charge 1 (note that this is difficult
to arrange with a non-singular superpotential). In the second vacuum of the SU(2) theory,
one finds an identical 2d theory upon reduction.
In the reduction of the dual theory, each of the two CS states is tensored with a free
chiral of mass 2m, so one finds a direct sum of two copies of the free chiral. Thus we
expect each copy of the above theory of two chirals of mass m, with the superpotential
coupling implicitly described above, to map to the free chiral of mass 2m. The matching
of the twisted superpotential across this duality was also discussed in [12]. One can also
check that the S2 partition functions of the resulting theories match, which follows from
the reduction of the supersymmetric index. However, for this duality to hold precisely,
we will need to include a certain Z2 orbifold, which the S
2 partition function and twisted
superpotential are insensitive to (being defined on the simply connected spaces S2 and R2,
respectively), but which we can see by studying the elliptic genus.
Before doing this, it will be useful to first make a digression to mention a closely
related 2d duality. Consider a pair of chirals Y, Z with superpotential W = ZY 2. This has
a Z2 symmetry acting on Y . Consider also a free chiral, X , which also has a Z2 symmetry
acting as X → −X . Then it is claimed in [38] that the orbifold of these theories under
the corresponding Z2’s are dual, with Z mapping to X
2.26 More precisely, by gauging this
Z2 with various choices of discrete torsion, we find several slightly different versions of the
duality, as we describe in more detail below. For any version, both theories have a U(1)
symmetry, which acts on X, Y, Z with charges 1,−1, and 2, respectively.
To describe this Z2 orbifold concretely, let us compute the elliptic genus of the dual
pair. The elliptic genus of a chiral field of R-charge ∆ is given by
I∆(z) = y
− 12 θ(q zy
∆
2 −1; q)
θ(qy
∆
2 z; q)
, θ(z; q) ≡ (z; q)(q z−1; q) , (B.16)
where z is a fugacity for the U(1) flavor symmetry, and y is a fugacity for the right-moving
R-symmetry. Let us define,
Iab = y
− b2 I 1
4
((−1)aq b2 z) , I˜ab = y− b2 I 1
2
(qbz2) I 3
4
((−1)aq− b2 z−1) . (B.17)
26 A similar duality also appears in [42], where adding the field Y with the superpotential ZY 2
is interpreted as a Jacobian from a change of variables from X to X2 = Z.
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Then the elliptic genus of the orbifolded theories on the two sides of the duality is
1
2
1∑
a,b=0
(−1)ac+beIab = (−1)1+(c+1)(e+1) 1
2
1∑
a,b=0
(−1)ac+beI˜ab . (B.18)
This equality is true. Here c, d are the holonomies of the “quantum” Z2 symmetry, which
we will denote Zˆ2, that one acquires after orbifolding (the analogue of U(1)J in 3d). The
term (−1)1+(c+1)(e+1) is a background term for these holonomies and is an analogue of the
contact terms in 3d. It is crucial for the duality to work. The background term makes
the mapping of the Z2’s on the two sides of the duality non-trivial. Setting c = e = 0,
“unrefining” the Zˆ2, we obtain the following simple equality:
1
2
(I00 + I01 + I10 + I11) =
1
2
(
I˜00 + I˜01 + I˜10 + I˜11
)
. (B.19)
This is the familiar form of the Z2 orbifold elliptic genus summing over all the twisted
sectors. Fourier transforming the holonomy around the temporal cycle,
Ye,m =
1∑
a=0
(−1)ae Iam , Y˜e,m =
1∑
a=0
(−1)ae I˜am , (B.20)
the identities we get take an even simpler form,
Ye,m = (−1)eY˜e,(e+m+1) mod 2 . (B.21)
We can now obtain a dual of the free chiral field X by gauging the “quantum” Zˆ2.
Note that on one side of the duality we just get the free chiral “ungauging” the orbifold,
as desired, however on the other side of the duality that’s not true due to the background
term
Iab =
1
2
1∑
c,d=0
(−1)(c+a+1)(d+b+1)I˜cd . (B.22)
For example
I00 =
1
2
(
−I˜00 + I˜01 + I˜10 + I˜11
)
. (B.23)
By putting the background term on the other side of the duality we can undo the orbifold
on side (B) (the ZY 2 side) at the cost of having a non-trivial theory on side (A). The fact
that the background terms have such a huge effect is reminiscent of the U(N) dualities
being simple in 3d while SU(N) dualities are complicated [1]. There the singlet fields dual
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to monopole operators play a crucial role when ungauging the U(1)B symmetry by gauging
U(1)J . Using the Y ’s defined in (B.20) the three dualities above can be written as
Y00 + Y01 = Y˜00 + Y˜01 ,
Y00 + Y10 = −Y˜10 + Y˜01 ,
−Y10 + Y01 = Y˜0,0 + Y˜10 .
(B.24)
These three dualities were discussed in [38] and referred to asO−(1)↔ O−(1) and SO(1)↔
O+(1) dualities. These dualities are very reminiscent of the distinctions between different
global properties of dualities with so(Nc) gauge Lie algebras in 4d [63,64] and in 3d [26].
After this digression, let us now return to the reduction of the duality appetizer to
two dimensions. Let us start from the duality above with both sides of the duality being
orbifolds, and then put the background terms on side (A) and orbifold the “quantum” Zˆ2.
The theory (A) then has a chiral field X orbifolded by Z2 and by the quantum Zˆ2, with
the dual side (B) being the model with fields Z and Y with superpotential W = ZY 2 and
no orbifolds. We add on side (B) a field Ω coupled to the rest through a W = ZY 2 +ΩY
superpotential. On side (A) we then have superpotential W = ΩY˜ where Y˜ is the operator
dual to Y on side (B), which we expect to be a certain twist operator. On side (B) the
equations of motion imply that Ω = Y = 0 and the theory is just a free field Z of charge
2. On the other side we have a model of fields Ω and X with the superpotential which
assigns them both charge 1, and the orbifold. This is the duality giving us the original
duality found by reducing the appetizer above. We expect that the Z2 orbifold can be
derived from 3d by starting from the Weyl symmetry of SU(2), and after performing the
Hori-Vafa duality, this should map to the “quantum” Zˆ2 symmetry above, but we leave
the details to future investigation.
The duality we get is similar to the one in 3d in some respects. We have a free
field X dual to a gauge theory of a field Z with the identification X ∼ Z2. The gauge
group is discrete in 2d and SU(2) in 3d. Note that this duality is rather non-trivial as it
involves on one side of the duality a superpotential built from composite (twist) operators.
Such superpotentials are reminiscent of, though not directly related to, the monopole
superpotentials one has to consider in 3d in order to make some of the dualities work [34].
Finally, one can ask how we should understand physically the identity with the LG
sector before performing a mirror symmetry transformation to the theory of chirals, i.e.,
the identity we get most directly from the reduction of the 3d duality. On one side of
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this identity we have contributions which can be interpreted as contributions from a chiral
field and a dynamical twisted chiral field with twisted chiral superpotential. Again these
two fields should be coupled since the symmetries under which they are charged and their
charges are correlated. One way to couple them is by coupling the defect operator of the
twisted chiral field, i.e., the winding modes of field Y which are chiral, to the chiral field
through a superpotential. Such a coupling will not alter the sphere partition function.
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